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1�Ù �Ø

3�Ö¥, ¤k��þ´¹N�. eÃAO�½, �Ù�Ä��R þ´¹

N���.

§1.1 ��½Â, ~fÚÄ�5�

§1.1.1 ½ÂÚ~f

�5�êÆS¥�����Vg´�5�m. éu�k, k- �5�mV

´����8Ü,¿��\{Úk 3V þ�ê¦,¦�V 3\{¿Âe´C�

�+, ê¦÷v(ÜÆÚ�\{�©�Æ, �1v = v é?¿v ∈ V ¤á.

¤¢�, =´�þ��5�m. �Ò´`, 3�5�m�½Â¥, ò��

ê¦U���ê¦.

½Â1.1. �R ´¹N���. ��8ÜM ¡�R-�(module) ´�M ´\{

C��+, �Ùþ�3ê¦(scalar multiplication, ½¡Iþ¦{)

R×M →M, (r,m) 7→ rm,

¦�é¤km,m′ ∈M Úr, r′ ∈ R, e�5�¤á:

(i) ð��: e1 = 1R ´R �N�, K1m = m.

(ii) ©�Æ: r(m+m′) = rm+ rm′, (r + r′)m = rm+ r′m.

(iii) (ÜÆ: (rr′)m = r(r′m).

5P. eR ´����, ·�¡÷vXþ½Â�M ��R-�, ¡÷vþã5

��ê¦��¦. 3�Ù·�Ì��ÄR ������/, R ������

�/ò31nÙ¥?Ø.

d��½Âá�0Rm = 0M . ¯¢þ,

0Rm = (0R + 0R)m = 0Rm+ 0Rm.

2d\{��Æ=�0Rm = 0M .

~1.2. d?·��Ñ���
äN~f.

(1) �k��=k-�5�m.

(2) C��+þkg,�Z-�(�, ê¦na =n�a�Ú(Xn ≥ 0), ½

ö−n�−a�Ú(Xn < 0).

(3)XJ½Âê¦R×R→ R�Rþ�¦{,Kz����Rþ�À�§

g���. ����, R �n�I þ´R-�, ù´Ï�éu?¿r ∈ R 9a ∈ I,

þkra ∈ I.

1



2 1�Ù �Ø

(4) X�S ´���R �f�, KR �À�S-�. d�ê¦S ×R→ R =

��¦{(s, r) 7→ sr. AO/, R �õ�ª�R[x] ´R-�.

(5)�V ´�k þ�k���5�m, T : V → V´�5C�.·�½Âê

¦

k[x]× V → V,
( n∑
i=0

cix
i, v
)
7→

n∑
i=0

ciT
i(v),

d?T 0 = 1V , T i = T ◦ T ◦ · · · ◦ T (i gEÜ, Xi ≥ 1). �ó�, ê¦f(x) · v =

f(T )(v). �âù�ê¦, ·��±òV w�´k[x]-�, P��V T .

·�5?Ø��AÏ�¹. �V = kn ´k þ�n ���þ�m, A ´k

þ���n ��
. PT : kn → kn ��5C�v 7→ Av. Kkn 3ê¦

k[x]× kn → kn, (f(x), v) 7→ f(A)v

e¤�k[x]-�, ·�P��(kn)A.

½Â1.3. XM ´R-�,KM �f�(submodule)´�M ���\{f+N�

Ù3ê¦¿Âeµ4, =é?¿n ∈ N Úr ∈ R, þkrn ∈ N . d�P�N ⊆
M .

M �ýf�(proper submodule)´�N´M�f��N 6= M . d�P

�N $M .

~1.4. ·��Ñf���
~f.

(1) {0}ÚM þ´M �f�.§�¡�M �²�f� (trivial submodule).

·�P0 = {0}.
(2) ò���R À�g���, KR �f�=R �n�, R �ýf�=R

�ýn�.

(3) Z-��f�=C��+�f+. �5�m�f�=�5f�m.

(4) �T : V → V ´�5C�. �V T �f�=´T �ØCf�m. ¯¢

þ, XW ⊆ V T �f�, w,kT (W ) ⊆ W . �L5, XT (W ) ⊆ W , Ké?

¿w ∈ W kxw = T (w) ∈ W . d8B{�f(x)w ∈ W . =W ék[x] �ê¦µ

4.

(5) �M ´R-�. Xr ∈ R, K

rM = {rm | m ∈M}

´M �f�. XJ �R �n�, K

JM =
{ ∑
k�Ú

αimi | αi ∈ J,mi ∈M
}

´M �f�.
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(6) XS ÚT ´M �f�, KS �T �Ú

S + T = {s+ t | s ∈ S, t ∈ T}

´M �f�. w�S �T þ´S + T �f�.

(7) X{Si : i ∈ I} ´M ��qf�, K§���
⋂
i∈I

Si �´M �f�.

(8) �M ´R-�, m ∈ M . Kdm )¤�f�, P�〈m〉, ´�〈m〉 =

Rm = {rm | r ∈ R}. XN´M �f�¿�m ∈ N , K〈m〉 ⊆ N , �〈m〉 ´�¹
��m ���f�.

�?�Ú/, XX ´R-�M �f8, KX ¥���¤k�5|Ü

〈X〉 =
{ ∑
k�Ú

rixi | ri ∈ R, xi ∈ X
}

´X )¤�f�. Ó�, 〈X〉 ´�¹8ÜX ���f�.

½Â1.5. �M ¡�k�)¤�(finitely generated module), ´�M dk�f

8)¤. =�3X = {x1, · · · , xn} ¦�M = 〈X〉. AO/, XM d����)

¤, ¡M �Ì��(cyclic module).

~1.6. �5�m´k�)¤���=�§��êk�.

§1.1.2 Ó��Ó�

½Â1.7. �R ´���, M ÚN ´R-�. N�f : M → N ¡�R-�Ó�

(module homomorphism, ½¡R-�N�½R-Ó�, ½ö{¡Ó�), ´�é?

¿m,m′ ∈M Úr ∈ R, þk

(i) f(m+m′) = f(m) + f(m′);

(ii) f(rm) = rf(m).

XR-�Ó�f ��8ÜN�´ü�,K¡f�üÓ�(monomorphism);Xf

´÷�, ¡f�÷Ó�(epimorphism); Xf Q´üÓ��´÷Ó�, ¡f �R-

�Ó�(module isomorphism, ½¡R-Ó�½{¡Ó�), d�Pf : M
∼−→ N

½M ∼= N , ½¡M �N Ó�.

��g��Ó�¡�gÓ�(endomorphism), ��g��Ó�¡�gÓ

�(automorphism).

�â½Â, ·�Äk5¿�:

(1) R-�Ó��EÜ´R-�Ó�;

(2) Xf ´R-�Ó�, K§�_N�f−1 �´R- �Ó�.

~1.8. ·�5w�Ó�ÚÓ���
~f.

(1) XR ´�k, K�Ó�!Ó�!gÓ�ÚgÓ�©O´�5�ê�§

¥½Â�k- �5N�!�_�5N�!�5C�Ú�_�5C�.
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(2) Z-�Ó�=C��+�m�+Ó�.

(3)XM ´R-�,éur ∈ R,Kr¦N�µr : M →M, m 7→ rm´R-�g

Ó�. ù´Ï�R ´���, �é?¿a ∈ R Úm ∈M , þkµr(am) = ram =

arm = aµr(m).

(4)�V ´�kþn��5�m, {v1, · · · , vn}´V ��|Ä.�T : V → V

´�5C�, A ´T 3þãÄe�Ý
. -ei ∈ kn, §�1i�©þ´1Ù{

©þ�u0. K{e1, · · · , en} ´kn ��|Ä. �5N�

ϕ : V → kn, vi 7→ ei

´�5�mV �kn �m�Ó�.

·�5�ÄéA�k[x]-�N�. du

T (v1, · · · , vn) = (v1, · · · , vn)A,

�T (vi) =
∑n
j=1 ajivj . ·�k

ϕ(xvi) = ϕ(T (vi)) = ϕ
( n∑
j=1

ajivj
)

=

n∑
j=1

ajiej ,



xϕ(vi) = Aϕ(vi) = Aei =

n∑
j=1

ajiej ,

¤±ϕ(xvi) = xϕ(vi). d8B{=�ϕ(f(x)v) = f(x)ϕ(v)é?¿õ�ªf(x) ∈
k[x]¤á. Ïdϕ : V T → (kn)A ´k[x]-�Ó�. duϕ´�5�mÓ�,�§

�´k[x]-�Ó�.

·K1.9. �V ´k-�5�m, T �S ´V þ��5C�. KV T ∼= V S ��=

��3�5�m�Ó�N�ϕ : V → V ¦�S = ϕTϕ−1.

y². Xϕ : V T → V S ´k[x]-�Ó�, Kϕ : V → V ´�5�m�Ó�,

�ϕ(f(x)v) = f(x)ϕ(v) éu?¿f(x) ∈ k[x] ¤á. AO/, �f(x) = x.

Kϕ(xv) = xϕ(v). �ϕ(xv) = ϕ(T (v)) xϕ(v) = Sϕ(v), �S = ϕTϕ−1.

�L5, XS = ϕTϕ−1, KϕT = Sϕ. ·�kϕ(xv) = xϕ(v). 2d8

B{=�ϕ(f(x)v) = f(x)ϕ(v) éu?¿f(x) ∈ k[x] ¤á. �ϕ : V T → V S

´k[x]-�Ó�.

íØ1.10. Xk ´�, A �B ´k þ�n ��
, K(kn)A ∼= (kn)B ��=�A

�B �q.

y². ½Â

T : kn → kn, T (y) = Ay,

S : kn → kn, S(y) = By.

K(kn)A = (kn)T , (kn)B = (kn)S . d·K1.9 á�íØ.
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½Â1.11. �M ÚN ´R-�. ½Â8Ü

HomR(M,N) = {f : M → N�R-�Ó�}.

Xf, g ∈ HomR(M,N), ½Â§��Úf + g : M → N �N�

(f + g)(m) = f(m) + g(m).

P0 ��Ó�M →M, m 7→ 0.

AO/, ½ÂEndR(M) = HomR(M,M).

·K1.12. XR ´���, M ÚN ´R-�, KHomR(M,N) �´R- �, Ù\

{Xþ½Â, ê¦Kd

rf : m 7→ f(rm)

�Ñ. �?�Ú/, Xp : M ′ → M Úq : N → N ′ ´R- �Ó�, Ké¤

kf, g ∈ HomR(M,N), Xe©�Æ¤á:

(f + g)p = fp+ gp, q(f + g) = qf + qg.

AO/, ±N�EÜ��¦{, EndR(M) �¤�, "�´0 : M →M , N

�´ð�N�.

y². ·��y(rr′)f = r(r′f), Ù{(Ø�y²3�Öö.

Xm ∈M,K((rr′)f)(m) = f(rr′m) = f(r′rm) = (r′f)(rm) = (r(r′f))(m).

=(rr′)f = r(r′f).

5P. �EndR(M) ¡�M �R-gÓ��. ù����óØ´���. þã

·K¢Sþ`²
HomR(M,N) ´EndR(M)-m�ÚEndR(N)-��.

~1.13. 3�5�ê¥, �k þ��5�mV ��5�¼´��5N�ϕ :

V → k. ~X, �V = {4«m[0, 1]�R þ�ëY¼ê}, KV ´R-�5�m,

È© f 7→
∫ 1

0
f(t)dt ´V þ����5�¼.

�5�mV �éó�m(dual space)

V ∗ = Homk(V, k)

=´V þ¤k�5�¼��N.d·K1.12=�V ∗ �´k-�,=k-�5�m.

§1.1.3 �ØÄ�½n

½Â1.14. �f : M → N ´R-�Ó�. Kf �Ø(kernel)=

ker f = f−1(0) = {m ∈M | f(m) = 0},

f ��(image)=

im f = f(M) = {f(m) | m ∈M}.
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N´�yker f ´M �f�, im f ´N �f�.

½Â1.15. �N ´R-�M �f�, Kû�(quotient module) M/N ´�éA

�û+M/N , ¿��ê¦N�

r(m+N) = rm+N.

·�`²M/N þ�ê¦´½ÂûÐ�. ¯¢þ, Xm + N = m′ + N ,

Km−m′ ∈ N , �rm− rm′ ∈ N . ¤±rm+N = rm′ +N .

´�yþãê¦�(�Ñ
C��+M/N �R-�(�, ¿�g,N�

π : M →M/N, m 7→ m+N

´R-�÷Ó�, ÙØkerπ = N .

½n1.16 (Ó�Ä�½n). Xf : M → N ´R-�Ó�, Kf p�R-�Ó�

f̄ : M/ker f → im f, m+ ker f 7→ f(m).

y². d+�Ó�Ä�½n, ·���f̄ ´½ÂûÐ�C��+m�Ó�. q

du

rf̄(m+ ker f) = rf(m) = f(rm),



f̄(r(m+ ker f)) = f̄(rm+ ker f) = f(rm),

�f̄ ´R-�Ó�.

5P. Ó�Ä�½nq¡1�Ó�½n. §´`�Ó�f : M → N �±©)

�f = i ◦ f̄ ◦ π:

M
π−→M/ker f

f̄−→ im f
i−→ N,

Ù¥π ´g,�ûN�(÷Ó�), f̄ ´p��Ó�, i ´g,��¹N�(üÓ

�).

½n1.17 (1�Ó�½n). XS ÚT ´�M �f�, K�3g,�R-�Ó�

S/(S ∩ T )→ (S + T )/T, s+ (S ∩ T ) 7→ s+ T.

y². -h�EÜN�S → S+T → (S+T )/T . Kh�÷Ó��kerh = S∩T .

�dÓ�Ä�½n=��y.

½n1.18 (1nÓ�½n). ��T ⊆ S ⊆M . KN�M/T →M/S, m+ T 7→
m+ S p�R-�Ó�

M/T

S/T
→M/S.
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y². -g : M/T →M/S, m+ T 7→ m+S. Äkg ´ûÐ½Â�: Xm+ T =

m′ + T , Km −m′ ∈ T ⊆ S. �m + S = m′ + S. Ùgrg(m + T ) = rm + S =

g(r(m + T )). �g ´�Ó�. �?�Ú/, ker g = {m + T | m ∈ S} = S/T

�im g = M/S. �dÓ�Ä�½n=��y.

Xf : M → N ´�Ó��S ´N �f�, N´�y

f−1(S) = {m ∈M : f(m) ∈ S}

´M �f�, §�¹f�Øker f = f−1(0).

½n1.19 (éA½n). �T ´�M �f�, π : M →M/T ´g,ûN�. K

�3��éA

ϕ : {M¥�¹T�¥m�} −→ {M/T�f�}

S 7−→ S/T,

Ù_N��S 7→ π−1(S). �?�Ú/, S ⊆ S′ ��=�S/T ⊆ S′/T .

y². XS ´T �M �m��¥m�, duS/T éê¦µ4, �S/T ´M/T

�f�, Ïdϕ ´ûÐ½Â�.

�Ä+�éA½n, KN�

Φ : {M ¥�¹T �¥m+} −→ {M/T�f+},

A 7−→ A/T

´��éA, Ù_N��

Φ−1(A) = π−1(A) = {m ∈M : m+ T ∈ A}.

�ϕ ´ü�. éuM/T �f�S,

π−1(S) ⊇ π−1(0) = T

�éê¦µ4, �§´M �T �m�¥m�. duϕ(π−1(S)) = Φ(π−1(S)) =

S, �ϕ �´÷�. �uS ⊆ S′ ��=�S/T ⊆ S′/T , ùd+�éA½ná

�.

§1.1.4 ü��Ü¤�

·K1.20. R-�M ´Ì����=�M ∼= R/I, Ù¥I ´R �n�.

y². XM = 〈m〉 �Ì��, ½ÂN�

f : R→M, r 7→ rm.

Kf ´÷Ó��ker f ⊆ R ´R �f�, =´R �n�. �dÓ�Ä�½n=

�R/ker f ∼= M .

�L5, R/I = 〈1 + I〉 ´Ì��, �eM ∼= R/I, KM �´Ì��.
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½Â1.21. �"�M ¡�ü�(simple module)½öØ���(irreducible mod-

ule) ´�§vk�²�f�, =§�f��k0 ÚM .

~1.22. Z-�M �ü���=�C��+M ´ü+, ù�duM ∼= Fp =

Z/pZ, Ù¥p ��ê.

�kþ�ü�=1��5�m, §�þÓ�uk.

N´wÑ, XM �ü�, m ´M ¥?¿�"�, K〈m〉 = M . �ü�þ

´Ì��.

íØ1.23. R-�M ´ü���=�M ∼= R/m, Ù¥m ´R �4�n�.

y². ùdéA½ná�.

5P. dþãíØ�, ü���35�du4�n���35, �ö�y²

I�^�Zorn Ún, ë�[4, ·K3.67].

½Â1.24. éuR-�M , M���Ü¤�(composition series)´�Xe�R-�

ó:

M = M0 ⊇M1 ⊇ · · · ⊇Mn = 0,

Ù¥Mi/Mi+1 ´ü�, n ¡�TÜ¤���Ý.

·K1.25. �N ´M �f�. XM�3���Ý´n�Ü¤�, KN �?¿

Ü¤��ÝþØ�un. AO/, M �?¿Ü¤���Ýþ�un.

y². ·�én�8B.

Xn = 1, KM´ü�, �N = 0½öN = M , §�Ü¤��ÝØ�L1.

y3�n ≥ 2, M = M0 ⊇M1 ⊇ · · · ⊇Mn = 0 ´M ��Ý�n �Ü¤�.

KMn−1´ü�, M/Mn−1 = M0/Mn−1 ⊇ M1/Mn−1 ⊇ · · · ⊇ Mn−1/Mn−1 = 0

´M/Mn−1 ��Ý�n− 1�Ü¤�.

�N = N0 ⊇ N1 ⊇ · · · ⊇ Nr = 0 ´N ��Ý�r �Ü¤�. duMn−1´

ü�, N ∩Mn−1 = 0½öMn−1. XJN ∩Mn−1 = 0,KN = N/(N ∩Mn−1) ∼=
(N + Mn−1)/Mn−1 ´M/Mn−1 �f�, d8Bb�r ≤ n − 1 < n. XJN ∩
Mn−1 = Mn−1, �0 ≤ t < r ´����ê¦�Nt ∩ Mn−1 = Mn−1. d

uNt/Nt+1 ´ü�, Nt+1 +Mn−1 = Nt. léui ≤ t,

(Ni +Mn−1)/Mn−1 = Ni/Mn−1,

éui ≥ t+ 1,

(Ni +Mn−1)/Mn−1
∼= Ni/Ni ∩Mn−1 = Ni,



(Nt +Mn−1)/Mn−1 = Nt+1 +Mn−1/Mn−1.
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¤±�N/Mn−1 kÜ¤�

N/Mn−1 ⊇ · · · ⊇ Nt/Mn−1 = (Nt+1 +Mn−1)/Mn−1
∼= Nt+1 ⊇ · · · ⊇ Nr = 0,

Ù�Ý´r − 1. d8Bb�, (N +Mn−1)/Mn−1 ��M/Mn−1 �f�Ü¤�

�Ýr − 1 ≤ n− 1, ¤±r ≤ n.

½Â1.26. �M ��Ý(length),P�`(M) = `R(M),´�§�Ü¤���Ý.

XM Ø�3k��ÝÜ¤�, KP`(M) = +∞.

N´wÑ,�Ýk���Ñ´k�)¤�. ·�ò3·K2.20¥�Ñ�Ý

k���,	�«�x.

§1.1.5 �È��Ú

3+ØÚ�Ø¥, ·�ÆSL+Ú���ÈÚ�Ú. éu�Ø, Ó�ka

q�Vg. e¡·�5½Â���È��Ú.

½Â1.27. �R ´���, S �T ´R-�. S �T ��È(direct product)Ò´

§��(k�ÈS × T , ¿��Xe$�:

(1) \{$�: (s, t) + (s′, t′) = (s+ s′, t+ t′);

(2) ê¦$�: r(s, t) = (rs, rt).

N´�yS × T ´R-�.

½Â1.28. �S �T ´R-�M �f�, �÷v^�

S + T = M, S ∩ T = {0},

K¡M ´S �T ��Ú(direct sum), P�S ⊕ T .

d�Ú�½Â�±wÑ, M = S⊕T ��=�M ¥���mþ���L
«¤m = s+ t �/ª, Ù¥s ∈ S, t ∈ T .

·K1.29. éuR-�S, T ÚM , e�^��d:

(1)M ∼= S × T .
(2) �3üÓ�i : S →M Új : T →M , ¦�

M = im i⊕ im j.

(3) �3Ó�i : S → M Új : T → M , ¦�é?¿m ∈ M , Ñk��

�s ∈ S �t ∈ T , ¦�
m = i(s) + j(t).

(4) �3Ó�i : S →M, j : T →M, p : M → S Úq : M → T , ¦�

pi = 1S , qj = 1T , pj = 0, qi = 0, 9 ip+ jq = 1M .
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y². (1) ⇒ (2) Ø��M = S × T . -i : S → M, s 7→ (s, 0) 9j : T →
M, t 7→ (0, t). K(2) w,¤á.

(2)⇒ (3) w,.

(3) ⇒ (4) éum = i(s) + j(t), -p(m) = s, q(m) = t. K´�yp �q þ

��Ó��÷v(4) �^�.

(4)⇒ (1) ½Â

ϕ : S × T →M, (s, t) 7→ i(s) + j(t).

Kϕ ´R-�Ó�. d1M = ip + jq, ��ϕ(p(m), q(m)) = m, �ϕ ´÷Ó�.

Xϕ(s, t) = 0, Ki(s) = −j(t), u´

s = pi(s) = −pj(t) = 0, t = qj(t) = −qi(s) = 0,

�ϕ ´üÓ�. ¤±ϕ ´Ó�.

5P. dþã·K��S × T �S ⊕ T´;�Ó��.

e¡·�^,	��*:5w�È��Ú.

½Â1.30. �SÚT ´R-�. n�|(M ; p, q),Ù¥M ´R-�, M
p−→ SÚM

q−→
T´�Ó�, ¡�S �T ��È´�é?¿n�|(N ; f, g), Ù¥N ´R-�,

N
f−→ S ÚN

g−→ T ´�Ó�, �3����Ó�ϕ : N →M ¦�ãL

S

N

f
>>

g
  

∃! ϕ // M

p
``

q
~~

T

��, =�ªf = p ◦ ϕ, g = q ◦ ϕ ¤á.

·K1.31. (1) X(M ; p, q) Ú(M ′; p′, q′) þ´R-�S �T ��È, K�3��

�Ó�ϕM ′M : M ′ →M , ¦�p′ = p ◦ ϕM ′M , q′ = q ◦ ϕM ′M .

(2) (S × T ; p : (s, t) 7→ s, q : (s, t) 7→ t) ´S �T ��È.

y². (1)d�È�½Â.�3Ó�ϕM ′M : M ′ →M ÚϕMM ′ : M →M ′,¦�

p′ =p ◦ ϕM ′M , q′ = q ◦ ϕM ′M ;

p =p′ ◦ ϕMM ′ , q = q′ ◦ ϕMM ′ .

�

p = p ◦ (ϕM ′M ◦ ϕMM ′), q = q ◦ (ϕM ′M ◦ ϕMM ′).
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�(N ; f, g) = (M ; p, q), K�3���ϕ : M →M ¦�

p = p ◦ ϕ, q = q ◦ ϕ.

w,ϕ = 1M÷v^�, �ϕM ′M ◦ ϕMM ′ = 1M . ÓnϕMM ′ ◦ ϕM ′M = 1M ′ . ¤

±ϕM ′M : M ′ →M ´�Ó�.

(2) é?¿n�|(N ; f, g), -ϕ : N → S × T �N�

n 7→ (f(n), g(n)).

N´�yϕ÷v½Â 1.30¥���ãL.,��¡,Xϕ(n) = (s, t),Kpϕ(n) =

s = f(n), qϕ(n) = t = g(n). �ϕ ��.

½Â1.32. �S �T ´R-�. n�|(M ; i, j), Ù¥M ´R-�, S
i−→MÚT

j−→
M´�Ó�,¡�S �T ��Ú´�é?¿n�|(N ; f, g),Ù¥N ´�, S

f−→
N ÚT

g−→ N ´�Ó�, �3����Ó�ψ : M → N ¦�ãL

S
f

~~

i

  
N M

∃! ψoo

T

g

``

j

>>

��, =�ªf = ψ ◦ i, g = ψ ◦ j ¤á.

·K1.33. (1) X(M ; i, j) Ú(M ′; i′, j′) þ´S �T ��Ú, K�3���Ó

�ψMM ′ : M →M ′, ¦�i′ = ψMM ′ ◦ i, j′ = ψMM ′ ◦ j.
(2) (S × T ; i : s 7→ (s, 0), j : t 7→ (0, t)) ´S �T ��Ú.

(3) (S ⊕ T ; i, j) ´S �T ��Ú.

y². �·K 1.31�y²aq, 3�Öö.

5P. þãn·K`²S × T Q�±À�S �T ��È,��±À�§���

Ú. ·�¡÷Ó�p : S × T → S, (s, t) 7→ s �q : S × T → T, (s, t) 7→ t �;

�Ý� (canonical projection), ¡üÓ�i : S → S × T, s 7→ (s, 0) �j : T →
S × T, t 7→ (0, t) �;�i\N�(canonical injection).

¯¢þ, �È��Ú�½Â�±í2�?¿õ����/.

½Â1.34. �{Sα}α∈I ´R-�8Ü.

(1)ê|(M ; M
πα−−→ Sα, α ∈ I)¡�{Sα}α∈I ��È´�é?¿�Ó�x

{fα : N → Sα}α∈I , �3���Ó�ϕ : N →M ¦�fα = πα ◦ ϕ é?¿α ∈ I
¤á.
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(2) ê|(M ; Sα
ια−→M,α ∈ I) ¡�{Sα}α∈I ��Ú´�é?¿�Ó�x

{gα : Sα → N}α∈I , �3���Ó�ψ : M → N ¦�gα = ψ ◦ ια é?¿α ∈ I
¤á.

·K1.35. (1) {Sα}α∈I ��È(½�Ú)e�3, K73Ó��¿Âe��.

(2)
∏
α∈I

Sα, ={Sα}α∈I �(k�È´§��È, ;�Ý�πα :
∏
α∈I

Sα →

Sα ´÷Ó�(sj)j∈I 7→ sα.

(3) -⊕
α∈I

Sα = {(sα)α∈I ∈
∏
α∈I

Sα : sα = 0éA�¤kα ¤á}.

K
⊕
α∈I

Sα´
∏
α∈I

Sα�f�,�´{Sα}α∈I ��Ú,;�i\N�ιj ´üÓ�Sj →⊕
α∈I

Sα, sj 7→ (0, · · · , sj , · · · , 0).

y². (1)�y²�·K 1.31(1)�y²aq, (2) Ú(3) N´�y.

5P. (1) dþã·K�±wÑ, k�õ����È��Ú´;�Ó��, 

Ã�õ����È��Ú´Ø���.

(2) gd±�, XØ�AO`², ·�P(k�È
∏
α∈I

Sα �{Sα}α∈I ��

È, ·K¥½Â�
⊕
i∈I

Si �§��Ú.

·K1.36. �Mα (α ∈ I) ÚN �R-�, K

(1) Hom(
⊕
α∈I

Mα, N) ∼=
∏
α∈I

Hom(Mα, N).

(2) Hom(N,
∏
α∈I

Mα) ∼=
∏
α∈I

Hom(N,Mα).

y². (1)éuϕ ∈ Hom(
⊕
α∈I

Mα, N),½Âϕα = ϕ◦ια,K(ϕα)α∈I ∈
∏
α∈I

Hom(Mα, N).

y3���â�Ú�½Â�yϕ 7→ (ϕα)α∈I ´�Ó�=�.

(2)éuψ ∈ Hom(N,
∏
α∈I

Mα),½Âψα = πα◦ψ,K(ψα)α∈I ∈
∏
α∈I

Hom(N,Mα).

y3���â�È�½Â�yψ 7→ (ψα)α∈I ´�Ó�=�.

½Â1.37. �M �f�S ¡�M ��Ú�(direct summand)´��3M �f

�T ¦�M = S ⊕ T .

·K1.38. f�S ´�M ��Ú���=��3R-�Ó�p : M → S ¦

�p |S= 1S.

5P. þãÓ�p ¡�M �S �Â (retraction, �¡��ØÂ ).

y². ⇒ w,.

⇐ -T = ker p. ��¡Ï�m = m − p(m) + p(m), p(m − p(m)) =

p(m)−p(p(m)) = 0,¤±M = S+T . ,��¡Xm ∈ S∩T ,Km = p(m) = 0,

�S ∩ T = 0. ¤±M = S ⊕ T .
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íØ1.39. XM = S⊕TA´S ÚM �m���¥m�, KA = S⊕(A∩T ).

y². -p : M → S ´M �S �Â s+ t 7→ s. dA ⊇ S, �p |A: A→ S �A

�S �Â , d�ker p |A= A ∩ ker p = A ∩ T .

·K1.40. �{Si}ni=1 ´R-�M �f�x. KM ´dfx��Ú��=�M

¥?¿��m þ���©)�m = s1 + · · ·+ sn, si ∈ Si �/ª.

y². XM ��Ú,-ϕ :
n∏
i=1

Si
∼−→M�éA�Ó�N�. -ιi : Si →

n∏
i=1

Si�

;�i\N�, Kϕιi : Si →M ´;�i\N�. éus ∈
n∏
i=1

Si, s =
n∑
i=1

ιi(si)

�©)ª��, �m = ϕ(s) =
n∑
i=1

(ϕιi)(si) =
n∑
i=1

si �©)ª���.

�L5,Xm���L«�m = s1 + · · ·+ sn�/ª,-ψ : M →
n∏
i=1

Si �

N�

ψ(m) =

n∑
i=1

ιi(si) = (s1, · · · , sn).

KN´�yψ �Ó�.

íØ1.41. -M = S1 + · · · + Sn. KM ∼= S1 ⊕ · · · ⊕ Sn ��=�éz�i,

Si ∩ (S1 + · · ·+ Ŝi + · · ·+ Sn) = 0, ùpŜi L«�ØSi-�.

y². eM ∼= S1 ⊕ · · · ⊕ Sn, Ké?¿m ∈ M , m �±����s1 + · · · + sn

�/ª, Ù¥si ∈ Si. �é?¿si ∈ Si, si = 0 + · · · + si + · · · + 0 ∈ M .

esi ∈ S1 + · · · + Ŝi + · · · + Sn, Ksi =
∑
j 6=i

sj , sj ∈ Sj . d��5�sj = 0

Úsi = 0, =Si ∩ (S1 + · · ·+ Ŝi + · · ·+ Sn) = 0.

�L5, eéz�i, Si ∩ (S1 + · · · + Ŝi + · · · + Sn) = 0. ?�m ∈ M =

S1 + · · · + Sn. b�m = s1 + · · · + sn = s′1 + · · · + s′n, si, s
′
i ∈ Si. Kéz�i,

si − s′i =
∑
j 6=i

(s′j − sj) ∈ Si ∩ (S1 + · · ·+ Ŝi + · · ·+ Sn) = 0, =si = s′i. �m �

L«´���, ¤±M ´�Ú.

§1.1.6 �Ü�

�Ü´ÓN�ê���Vg. ·�Äk0��e�Øp��Ü.

½Â1.42. �Mi ´R-�, fi : Mi →Mi−1 ´�Ó�. S�

· · · −→Mn+1
fn+1−−−→Mn

fn−→Mn−1 −→ · · ·

¡�3Mn ?�Ü(exact)´�im fn+1 = ker fn; S�¡��Ü�(exact se-

quence)´�§3?¿Mn?þ�Ü;¡�E/(complex)´�é?¿n,þkfn◦
fn+1 = 0, =im fn+1 ⊆ ker fn.
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d�Ü�½Â, eã·Kw,¤á:

·K1.43. (1) S�0 −→ A
f−→ B �Ü��=�f ´ü�.

(2) S�A
g−→ B −→ 0 �Ü��=�g ´÷�.

(3) S�0 −→ A
h−→ B −→ 0 �Ü��=�h �Ó�.

½Â1.44. /X0 −→ A
f−→ B

g−→ C −→ 0 ��Ü�¡�á�Ü�(short

exact sequence). ·��¡d�Ü��A �C �*Ð(extension of A by C).

·K1.45. XS�0 −→ A
f−→ B

g−→ C −→ 0 ´á�Ü�, K

A ∼= im f, B/im f ∼= C.

y². duf ´ü�, g ´÷��ker g = im f , dÓ�Ä�½n=�I�¦

�üÓ�.

5P. ·�w��A~. XA ´B �f�, f : A ↪→ B ´�¹N�. K0 −→
A

f−→ B
g−→ C −→ 0 �Ü=´`g p�Ó�B/A ∼= C. ~X, éu�óT ⊆

S ⊆M , d1nÓ�½n=��á�Ü�

0 −→ S/T
f−→M/T

g−→M/S −→ 0.

½Â1.46. á�Ü�0 −→ A
i−→ B

p−→ C −→ 0 ¡�©��(splitting)´��

3Ó�j : C → B ¦�p ◦ j = 1C .

·K1.47. X�Ü�0 −→ A
i−→ B

p−→ C −→ 0©�, KB ∼= A⊕ C.

y². Ài ��¹N�, lA = im i w�´B �f�. éub ∈ B, dup(b−
jp(b)) = p(b)− pjp(b) = 0, �b− jp(b) ∈ A. ·�½ÂN�

ϕ : B → A⊕ C, b 7→ (b− jp(b), p(b)).

N´�yϕ �Ó�. Xϕ(b) = 0, Kp(b) = 0, �b − jp(b) = b − j(0) = 0, ¤

±b = 0, =ϕ �ü�. qϕ(a+ j(c)) = (a, c), �ϕ �÷�.

·K1.48. S�M ′
i−→ M

p−→ M ′′ → 0 ´R-��Ü���=�é?¿�N , S

�0 → HomR(M ′′, N)
p∗−→ HomR(M,N)

i∗−→ HomR(M ′, N) ´�Ü�, ùpP

Ò ∗L«f∗(h) = hf .

y². ·�ky⇐:

Äky²p ´÷�: �N = M ′′/im p, f : M ′′ → N �g,ûN�.

Kp∗(f) = fp = 0. dup∗ ´üÓ�, �f = 0 ´"N�, ¤±N = 0, =p

�÷�.

�N = M ′′, g = 1N . Kg ∈ HomR(M ′′, N) �0 = (pi)∗(g) = pi. ¤

±im i ⊆ ker p.
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�N = M/im i, h : M → N �g,ûN�. Ki∗(h) = hi = 0. �h ∈
ker i∗ = im p∗, =�3h′ ∈ HomR(M ′′, N) ¦�h = p∗(h′) = h′p. Xim i 6=
ker p, K�3b ∈ ker p �b /∈ im i, �p(b) = 0 �h(b) 6= 0. �h(b) = h′p(b) = 0

gñ. ¤±im i = ker p.

2y⇒:

éuf ∈ HomR(M ′′, N), p∗(f) = fp; g ∈ HomR(M,N), i∗(g) = gi.

�i∗p∗(f) = fpi = 0. ¤±im p∗ ⊆ ker i∗. ep∗(h) = hp = 0, dp ´÷�,

�h = 0, ¤±p∗ ´ü�.

�y²im p∗ = ker i∗, ��yé?¿g ∈ ker i∗, �3f ∈ HomR(M ′′, N) ¦

�g = p∗(f). Xg ∈ ker i∗, Kgi = 0, =é?¿x′ ∈ M ′, þkgi(x′) = 0. é

ux′′ ∈ M ′′, -x ∈ M ¦�x′′ = p(x). ½Âf(x′′) = g(x). ·�Äk�yf ´

û½Â�: Xp(x1) = x′′,Kp(x1−x) = 0,¤±�3x′ ∈M ′, x1−x = i(x′),Ï

dg(x1 − x) = 0, =g(x1) = g(x). ·�Ùg�yf ´R-�N�: Xp(x) = x′′,

Kp(rx) = rx′′, ¤±f(rx′′) = g(rx) = rg(x) = rf(x′′). df �½Â=�g =

p∗(f).

Ón·�k

·K1.49. S�0 → M ′
i−→ M

p−→ M ′′ ´R-��Ü���=�é?¿�N , S

�0 → HomR(N,M ′)
i∗−→ HomR(N,M)

p∗−→ HomR(N,M ′′) ´�Ü�, ùpP

Ò ∗L«f∗(h) = fh.

½Â1.50. �f : M → N ´�Ó�. f �{Ø(cokernel), P�coker f , =û

�N/im f .

d½Â, ?¿�Ó�f : M → N p��Ü�

0→ ker f →M
f−→ N → coker f → 0.

�½R-���ãL

A
f //

dA
��

B

dB
��

A′
f ′ // B′,

·�kXe���ãL:

ker (dA)
i //

f◦i

##
f∗

��

A
dA //

f

��

A′
p //

f ′

��

p◦f ′

$$

coker (dA)

f ′∗
��

ker (dB)
i // B

dB // B′
p // coker (dB).

éum′ ∈ ker dA, dB(f(m′)) = f ′(dA(m′)) = 0, ¤±f(m′) ∈ ker dB , ·��

�N�f∗ : ker (dA) → ker (dB), m′ 7→ f(m′). Xn′1 − n′ ∈ dA(A), Pn′1 −
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n′ = dA(m′), Kf ′(n′1 − n′) = f ′(d′(m′)) = d(f(m′)) ∈ dB(B). dd��N

�f ′∗ : coker (dA) → coker (dB), n′ + dA(A) 7→ f ′(n′) + dB(B), ´½ÂûÐ�.

N´�yf∗ Úf ′∗´����Ó�¦�þããL��.

½n1.51 (�/Ún, Snake Lemma). 1�Ü��ãL

X ′
f //

d′

��

X
g //

d

��

X ′′ //

d′′

��

0

0 // Y ′
p // Y

q // Y ′′

p��Ü�

ker (d′)
f∗−→ ker (d)

g∗−→ ker (d′′)
δ−→ coker (d′)

p∗−→ coker (d)
q∗−→ coker (d′′).

y². Äkë�N�δ : ker (d′′) → coker (d′) Xe�Ñ: éum′′ ∈ ker (d′′),

�m ∈ X ¦�g(m) = m′′. Kqd(m) = d′′g(m) = 0. �d(m) = p(n′) é,��

��n′ ∈ Y ′ ¤á. ·�½Âδ(m′′) = n′ + d′(X ′).

·�y²δ ´û½Â�: Xm0 ∈ X �÷vg(m0) = m′′, Km − m0 =

f(m′). �d(m −m0) = df(m′) = pd′(m′). ¤±p−1(d(m −m0)) ∈ d′(X ′). �δ
´û½Â�.

·�y²S�3ker (d) ?�Ü. ��¡dug∗f∗(m′) = gf(m′) = 0, ¤

±im (f∗) ⊆ ker (g∗). ��, eg∗(m) = 0, Kg(m) = 0. ��3m′ ∈ X ′ ¦

�m = f(m′). -n′ = d′(m′), Kp(n′) = df(m′) = d(m) = 0. du1�1´�

Ü�, �n′ = 0, m′ ∈ ker (d′). �km = f∗(m
′), =im f∗ ⊇ ker g∗.

·�y²S�3ker (d′′)?�Ü.dδ�½Âδg∗(m) = δg(m) = p−1(d(m)) =

0. ¤±ker (δ) ⊇ im (g∗). ��, eδ(m′′) = 0, -m �m′′ ���. Kd(m) =

p(n′) éu,�n′ ∈ d′(X ′) ¤á. =d(m) = pd′(m′). -m0 = m − f(m′),

Km0 �´m′′ ���, �d(m0) = d(m) − df(m′) = d(m) − pd′(m′) = 0,

=m0 ∈ ker d, m′′ = g∗(m0). ¤±ker δ ⊆ im g∗.

·�y²S�3coker (d′) ?�Ü. ��¡p∗δ(m′′) = p∗(n
′ + d′(X ′)) =

p(n′) + d(X). �p(n′) = d(m) ∈ d(X), ùpm ´m′′ ���. �p∗δ = 0, im δ ⊆
ker p∗. �L5, Xp(n′) = d(m) é,�m ∈ X ¤á, Kd′′g(m) = qd(m) =

qp(n′) = 0, �g(m) = m′′ ∈ ker (d′′). d�δ(m′′) = n′ + d′(X ′) ∈ ker (p∗), Ï

dim δ ⊇ ker (p∗).

·���y²S�3coker (d)?�Ü.��¡éun′+d′(X ′) ∈ coker (d′),

q∗p∗(n
′ + d′(X ′)) = qp(n′) + d′′(X ′′) = 0. �im (p∗) ⊆ ker (q∗). ��, en +

d(X) ∈ coker d �q∗(n+ d(X)) = q(n) + d′′(X ′′) = 0, Kq(n) = d′′(m′′). �m ∈
X, g(m) = m′′, Kq(n − d(m)) = d′′(m′′) − d′′g(m) = 0. d1�1��Ü5,

�3n′ ∈ Y ′, n − d(m) = p(n′). ¤±p∗(n′ + d′(X ′)) = n + d(X), �im (p∗) ⊇
ker (q∗).
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§1.2 �Æ�¼f

§1.2.1 �Æ

¤¢�Æ´dé�Úé�m����¤�êÆXÚ. ù´y�êÆïÄ

¥A^���2��êÆVg��. �ó�, ·�kXe½Â:

½Â1.52. ¤¢�Æ(category) ´�ù��êÆXÚC, §�¹Xeü|êâ:

(1) é�(object): Ï~^A,B,C, · · · L«. ¤ké��¤�aP�ob(C).

(2) ��(morphism): éué�A ÚB, k��8Hom(A,B), Ù¥��, P

�f : A→ B, ¡�A �B ���. ¤k��8�¤�8ÜaP�Ar(C).

éuA,B,C ∈ ob(C), �3EÜ��

Hom(B,C)×Hom(A,B)→ Hom(A,C), (g, f) 7→ gf

�÷vXeún:

(A1) üüØ�5: ��8Hom(A,B)�Hom(A′, B′) pØ��, Ø�A = A′

�B = B′.

(A2) ð����35: éuz�é�A ∈ ob(C), �3��1A ∈ Hom(A,A), ¦

�é?¿��f : A→ B Úg : C → A, k

f1A = f, 1Ag = g.

1A ¡�A �ð���.

(A3) (ÜÆ: éu��f : A→ B, g : B → C Úh : C → D, k

h(gf) = (hg)f.

5P. (1) �Æp�é��±´:8, ��±Ø´.

(2) N´wÑ, ð���1A ´��(½�: Xε ∈ Hom(A,A) �÷vú

n(A2), Kε = ε1A = 1A.

(3) ·�~PHom(A,A) �End(A). ún(A2) Ú(A3) `²3���EÜ

��¦{�¿Âe, End(A) ´¹N�+, ÙN�´1A.

½Â1.53. éu��f : A→ B, X�3��g : B → A ¦�

gf = 1A � fg = 1B ,

K¡f �Ó�, ¡g ´f �_. �¡A �B Ó�.
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~1.54. d?·��Þ�
ÙG��Æ�~f.

(1) Sets ´(,�½�»e)¤k8Ü�¤��Æ. §�é�´ 8Ü, ��

=8Üm�N�, ð���=ð�N�, Ó�=8Üm���éA.

(2) Groups ´¤k+�¤��Æ. §�é�´+, ��=+Ó�, Ó�=

+Ó�.

(3) Rings ´¤k��¤��Æ. §�é�´�, ��´�Ó�. Ó�,

ComRings ´¤k����¤��Æ, §�é�´���, ���´�Ó�.

(4) �R ´¹N���. R-mod ´¤kR-��¤��Æ, §�é�´R-

�, ��=R- �Ó�. ù´·�Ì�ïÄ��Æ.

AO/, XR = Z, ¤kC��+�¤��ÆÏ~P�Ab.

(5)�X´Rn¥�m8. Xþ�ëY¼ê�ÆC0(X)ÚC∞¼ê�ÆC∞(X)

�é�´X �mf8, ��©O´m8m�ëYÚC∞ N�.

(6) �U ´E²¡C ¥�m8. U þ��XN��ÆH(U)�é�´U ¥

�mf8, ��´m8m��XN�.

½Â1.55. �C ��Æ, X ´C ¥���½é�. -�ÆCX Xe�Ñ: CX �
é�´��Y

fY−−→ X, üé�m���8

Hom(Y
fY−−→ X,Y ′

fY−−→ X) = {g ∈ Hom(Y, Y ′) : fY ′g = fY },

=CX ���´C¥���g : Y → Y ′ ¦�ãL

Y
g //

fY   

Y ′

fY ′~~
X

��. N´�yCX �(÷v�Æ½Â�ún.

½Â1.56. �C ��Æ. C ���Æ (opposite category) ´��ÆCop, §�é

�´C �é�, ���8

HomCop(A,B) = HomC(B,A),

=Cop ���f : A→ B ´C ¥���f : B → A.

½Â1.57. �C��Æ. C¥�é�P ¡�©é�(initial object)´�é?¿A ∈
ob(C), �3�����P iA−→ A.

C ¥�é�P ¡�ªé�(final object)´�é?¿A ∈ ob(C),�3���
��A

pA−−→ P .

XP Q´©é��´ªé�, ¡P �"é�(zero object), P�0.

·K1.58. (1) ©é�(ªé�)X�3, K7��, =ü©é�(ªé�)m�3

���Ó�.
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(2) XP ´�ÆC �©é�(ªé�), KP ´�ÆCop �ªé�(©é�).

(3) X
1X−−→ X ´�ÆCX �ªé�.

y². (1)ePÚP ′þ´©é�,KHom(P, P ′) = {iPP ′}, Hom(P ′, P ) = {iP ′P },
Hom(P, P ) = {1P }ÚHom(P ′, P ′) = {1P ′}Ñ´��8. dEÜN��5�=

�iPP ′iP ′P = 1P ′ , iP ′P iPP ′ = 1P . �P �P ′ Ó�. éuP �P ′ þ´ªé�

��/, y²aq.

(2)�(3) d½Âá�.

~1.59. (1) éu+�ÆGroups, {1} Q´©é��´ªé�, =´"é�.

(2) éu8Ü�ÆSets, �8´©é�Õ:8´ªé�, §vk"é�.

(3) éu��ÆRings, �ê�Z ´©é�, "�´ªé�, §vk"é�.

½Â1.60. �C ��Æ, X �Y ´C ¥�é�. X �Y �¦È(product)´�n

�|(X ×Y ; p, q),Ù¥X ×Y ´C ¥�é�, p : X ×Y → X Úq : X ×Y → Y

´��, ~¡�Ý�, ÷vXe^�:

éu?Ûn�|(Z; f, g), Ù¥Z ∈ ob(C), f : Z → X Úg : Z → Y ´�

�, �3�����θ : Z → X × Y ¦�ãL

X

Z

f

??

g
��

θ // X × Y

p

cc

q
{{

Y

��, =f = pθ Úg = qθ.

·�-C′ �é��n�|(Z; f, g), Ù¥Z ∈ ob(C), f : Z → X Úg : Z →
Y ���, C′ ���h : (Z; f, g) → (Z ′; f ′, g′) ´C ¥���h : Z → Z ′ ¦

�ãL

X

Z

f
??

g
��

h // Z ′

f ′
``

g′~~
Y

��, =f ′h = f Úg′h = g. KN´�yC′ �(´�Æ. @oX �Y �¦ÈÒ

´�ÆC′ ¥�ªé�. d·K 1.58�X�Y �¦È3Ó�¿Âe��.

½Â1.61. �C ��Æ, X �Y ´C ¥�é�. X �Y �þ¦È(coproduct)´

�n�|(X q Y ; i, j), Ù¥X q Y ∈ ob(C), i : X → X q Y �j : Y → X q Y
���, ¡�S�, ÷vXe^�:
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éu?¿n�|{Z; f, g}, Ù¥Z ∈ ob(C), f : X → Z Úg : Y → Z��

�. �3�����θ : X q Y → Z ¦�θi = f Úθj = g. =ãL

X
f

  

i

{{
X q Y θ // Z

Y

j

cc

g

>>

��.

�¦È��/��,XJ·�-�ÆD′�é�´n�|(Z; f, g),Ù¥Z ∈
ob(C), f : X → Z Úg : Y → Z ���, D′ ���h : (Z; f, g)→ (Z ′; f ′, g′)´C
¥���h : Z → Z ′ ¦�ãL

X
f

��

f ′

  
Z

h // Z ′

Y

g

__

g′

>>

��,=f ′ = hf Úg′ = hg. KX �Y �þ¦È=´�ÆD′ ¥�©é�,�3

Ó�¿Âe§´���. ¯¢þN´wÑD′ = (C′)op = (Cop)′.

~1.62. (1)éu��ÆR-mod,K§§1.1.5¥½Â��M �N ��È=�!½

Â�¦È, §§1.1.5¥½Â��Ú=þ¡½Â�þ¦È.·���M �N��È

��Ú��þ´Ó��.

(2) éu8Ü�ÆSets, X �Y �þ¦ÈX q Y ´8Ü�Ø�¿X ′ t Y ′,
Ù¥X ′ = X×{1}�Y ′ = Y ×{2}´(k�ÈX×Y �f8Ü.¯¢þ��½

ÂN�i : X → X ′ ⊂ X q Y, x 7→ (x, 1), N�j : Y → Y ′ ⊂ X q Y, y 7→ (y, 2),

N�θ : X q Y → Z, θ(x, 1) = f(x), θ(y, 2) = g(y) =�.

8ÜX�Y �¦È,Ò´§��(k�È,d�N�p : X×Y → X, (x, y) 7→
x, N�q : X × Y → Y, (x, y) 7→ y.

Ó��±½Â?¿õ�é��¦È�þ¦È.

½Â1.63. �C ��Æ, {Xα}α∈I ´C ��|é�.

{Xα}α∈I �þ¦È´�|(
∐
α∈I

Xα; (ια)α∈I),Ù¥
∐
α∈I

Xα ∈ ob(C),��ια :

Xα →
∐
α∈I

Xα, ÷vXe�5�: é?¿|(Z; fα : Xα → Z), �3����

�θ :
∐
α∈I

Xα → Z ¦�θια = fα é¤kα ∈ I ¤á.
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{Xα}α∈I �¦È´�|(
∏
α∈I

Xα; (πα)α∈I), Ù¥
∏
α∈I

Xα ∈ ob(C), ��πα :∏
α∈I

Xα → Xα, ÷v�5�: é?¿|(W ; gα : W → Xα), �3����

�θ̃ : W →
∏
α∈I

Xα ¦�gα = παθ̃ é¤kα ∈ I ¤á.

~1.64. éu��ÆR-mod, {Xα}α∈I �þ¦È
∐
α∈I

Xα =
⊕
α∈I

Xα, ¦È
∏
α∈I

Xα

={Xα}α∈I �(k�È.

y3b�C ´�Æ, Z ´C ¥��é�.

½Â1.65. ��f : X → Z Úg : Y → Z �.£(pullback),q¡n�È(fibered

product),´�n�|(X ×Z Y ; p1, p2),Ù¥p1 : X ×Z Y → X, p2 : X ×Z Y →
Y �fp1 = gp2, ÷vXe�5�: é?¿(W ; p′1 : W → X, p′2 : W → Y )

�fp′1 = gp′2, �3�����θ : W → X ×Z Y ¦�p′1 = p1θ, p
′
2 = p2θ, =ã

L

W

p′1

  

p′2

&&

∃!θ

$$
X ×Z Y

p1

��

p2
// Y

g

��
X

f // Z

��. �ó�, (X ×Z Y ; p1, p2) ´�ÆCZ �¦È. ·�~{¡X ×Z Y �X
�Y 3Z þ�n�È.

½Â1.66. ��f : Z → X Úg : Z → Y �íÑ(pushout), q¡n�þ

È(fibered coproduct)½n�Ú(fibered sum), ´�(XqZ Y ;α1, α2),Ù¥α1 :

X → X qZ Y, α2 : Y → X qZ Y �α1f = α2g, ÷v�5�: é?¿(W ;α′1 :

X → W, α′2 : Y → W ) �α′1f = α′2g, �3�����θ : X qZ Y → W ¦

�α′1 = θα1, α
′
2 = θα2, =ãL

Z

f

��

g
// Y

α2

�� α′2

��

X
α1 //

α′1 ,,

X qZ Y
∃!θ

$$
W

��. �ó�, (X qZ Y ;α1, α2) ´�ÆCop
Z �¦È. ·�~{¡X qZ Y �X

�Y 3Z þ�n�þÈ.

~1.67. (1) �f : X → Z �g : Y → Z ´+Ó�, K3+�ÆGroups p,

X ×Z Y = {(x, y) ∈ X × Y | f(x) = g(y)}.
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(2)�f : B → A�g : C → A´�Ó�,K3��ÆR-modp, B×AC =

{(b, c) ∈ B ⊕ C | f(b) = g(c)}.
(3) �L5, �f : A → B �g : A → C ´�Ó�. K3R-mod p,

B qA C = (B ⊕ C)/S, ùpS = {(f(a),−g(a)) ∈ B ⊕ C | a ∈ A}.

). 3�öS.

§1.2.2 ¼f

¼fÒ´�Æm�N�.

½Â1.68. �A �B ´�Æ.

éAF : A → B ¡��C¼f½�C¼f(covariant functor) ´�é

uA ¥�?¿é�A, F (A) ´B ¥�é�, éuA ¥�?¿��A f−→ B,

F (A)
F (f)−−−→ F (B) ´B ¥���, �÷v^�F (1A) = 1F (A) ÚF (gf) =

F (g)F (f).

éAF : A → B ¡��C¼f½_C¼f(contravariant functor) ´�

éuA ¥�?¿é�A, F (A) ´B ¥�é�, éuA ¥�?¿��A f−→ B,

F (B)
F (f)−−−→ F (A) ´B¥���, �÷v^�F (1A) = 1F (A) ÚF (gf) =

F (f)F (g). �ó�, F ´Aop �B ��C¼f.

~1.69. (1) ð�¼f(identity functor)Ú~¼f(constant functor):

Id : C → C, A 7→ A � f 7→ f ;

CA : C → C, CA(B) = A, CA(f) = 1A.

§�Ñ´�C¼f.

(2) �A ∈ ob(C). ¼fTA : C → Sets,

TA(B) = Hom(A,B), TA(f) = (f∗ : h 7→ fh)

´�C¼f. ¼fT ′A : C → Sets,

T ′A(B) = Hom(B,A), T ′A(f) = (f∗ : h 7→ hf)

´�C¼f.

(3) AO/, �M �R-�, K¼f(N 7→ HomR(M,N), f 7→ f∗) ´R-mod

þ��C¼f, ¼f(N 7→ HomR(N,M), f 7→ f∗) ´R-mod þ��C¼f.

§1.2.3 C���Æ

�Ø¥�éõ(JÑ�±í2���C���Æ¥. ùp�ÑC���

Æ�VgÚ{ü5�.
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½Â1.70. �ÆC ¡�\5�Æ(additive category)´�C ÷vXen^�:

(1) éuC ¥?¿é�A ÚB, 8ÜHom(A,B) ä�(\{)C��+(�

�EÜ��

Hom(B,C)×Hom(A,B)→ Hom(A,C)

´Z-V�5N�.

(2) C ¥k"é�.

(3) é?¿é�A ÚB, þ¦ÈAqB �¦ÈA×B þ�3.

éu\5�Æ, EÜN�A→ 0→ B, P�0, ¡�A �B �"N�.

·K1.71. \5�Æ¥AqB ∼= A×B.

y². �Ä��A
1A−−→ A �B

0−→ A, Kdþ¦È��5�, �3��p′ : A q
B → A ¦�p′i = 1A, p′j = 0. �Ä��B

1B−−→ B �A
0−→ B, Kdþ¦È�

�5�, �3��q′ : A q B → B ¦�q′i = 0, q′j = 1B . �(ip′ + jq′)i = i,

(ip′ + jq′)j = j. 2dþ¦È��5��ip′ + jq′ = 1A⊕B .

aq/, |^¦È��5�, ·�k��i′ : A→ A×B Új′ : B → A×B
¦�pi′ = 1A, pj′ = 0, qi′ = 0, qj′ = 1B . �i′p+ j′q = 1A×B .

y3-Φ = ip+ jq : A×B → AqB, Ψ = i′p′ + j′q′ : AqB → A×B. N

´�yΦ ÚΨ p�_��.

5P. ~Pþ¦ÈAqB �A⊕B, ¡��A �B ��Ú, ¡¦È��È.

½Â1.72. �C ´�Æ, f : A→ B ´C¥���©
Xé?¿��g1, g2 : C → A ÷v^�fg1 = fg2, þkg1 = g2 ¤á, K

¡f �ü�(monomorphism).

Xé?¿��h1, h2 : B → D ÷v^�h1f = h2f , þkh1 = h2 ¤á, K

¡f �÷�(epimorphism).

X��Q´ü�, q´÷�, K¡Ù�V� (bijection).

5P. V�Ø�½´Ó�. ~X3��ÆRings¥, Z ↪→ Q Qüq÷, �§Ø

´Ó�.

�L5, �±y², Ó��½´V�.

·K1.73. �C ´\5�Æ, f : A→ B ´C¥���©
(1) f ´ü���=�éu?¿g : C → A, fg = 0 íÑg = 0.

(2) f ´÷���=�éu?¿h : B → D, hf = 0 íÑh = 0.

y². d½Âá�.

·K1.74. éu\5�Æ¥�é�8Ü{Xα}α∈I , X§�¦È
∏
α∈I

Xα �3, K

πα :
∏
α∈I

Xα → Xα
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´÷�. X§�þ¦È
∐
α∈I

Xα �3, Kια : Xα →
∐
α∈I

Xα ´ü�.

y². -ϕα = 1Xα : Xα → Xα, ϕβ = 0 : Xα → Xβ (Xβ 6= α), K§�p��

�iα : Xα →
∏
α∈I

Xα, ¦�πα ◦ iα = ϕα = 1Xα . ddw�πα ´÷�. Ón�

yια ´ü�.

½Â1.75. �f : A→ B �\5�ÆC ¥���.

(1) f �Ø, P�ker f , ´�é�K ∈ ob(C), i : K → A �ü�, fi = 0 �

÷v�5�: é?¿L
u−→ A, fu = 0, �3�����L

u′−→ K, ¦�u = iu′,

=ãL

K
i // A

f // B

L

∃!
u′

``

u

OO

0

??

��.

(2) f �{Ø, P�coker f , ´�é�Z ∈ ob(C), p : B → Z �÷�,

pf = 0 �÷v�5�: é?¿u : B → L, uf = 0, �3�����u′ : Z → L

¦�u′p = u, =e¡ãL��

A
f //

0 ��

B
p //

u

��

Z

∃! u′��
L

5P. d½Â�, ���ØÚ{ØX�3, K(3Ó�¿Âe)7��. ,	, Ø

�½Â¥�^�“i ´ü�” Ø´7��, §d�5����Ñ. Ó�, {Ø�

½Â¥�^�“p ´÷�” Ø´7��.

y3b�C �\5�Æ�é?¿f : A → B, f �Ø�{Øþ�3. ·�

½Â

coim f = coker (ker f
i→ A),

im f = ker (B
p→ coker f).

·K1.76. XC ´\5�Æ�Ùþ���ØÚ{Øþ�3, KC ¥��f p�
��f̄ : coim f → im f .

y². ·�k��ãL:

ker f �
� i //

0 $$

A
f //

p′

����

B
p // // coker f

coim f
f̄ // im f

?�
i′

OO
0

::
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dufi = 0, coim f ´i �{Ø, ��3����α : coim f → B, ¦�αp′ =

f . dp ·αp′ = pf = 0 = 0 · p′, p′ ´÷�, �pα = 0. dim f = ker p ��3�

�f̄ : coim f → im f .

½Â1.77. \5�ÆC ¡�C���Æ(abelian category), X§÷vXeü^

ún:

(AB1) Cþ?¿��u�Økeru Ú{Øcokeru þ�3.

(AB2) ��u �p���ū : coimu→ imu ´Ó�.

~1.78. R ��ÆR-mod ´C���Æ.

éuC���Æ, XÓ��Æ��/, �±Ú\�Ü�Vg.

½Â1.79. �C �C���Æ. S�

· · · → A
f→ B

g→ C → · · ·

¡�3B ?�Ü´�gf = 0 �p����im f → ker g ´Ó�.

XS�3z�:þ�Ü,¡S���Ü�. AO/,XS�0→ A
f→ B

g→
C → 0 3A,B,C ?þ�Ü, ¡TS��á�Ü�.

·K1.80. (1) S�0→ A
f→ B �Ü��=�f ´ü�.

(2) S�B
f→ C → 0 �Ü��=�g ´÷�.

(3) S�0 → A
f→ B

g→ C → 0 �á�Ü���=�f ´ü�, g ´÷�

�ḡ : coker f → C ´Ó�.

y². 3�öS.

½Â1.81. �F : A → B ´C���Æm��C¼f. éuA ¥?¿á�Ü
�0 → A → B → C → 0, X0 → F (A) → F (B) → F (C) ´�Ü�, K¡F ´

��Ü¼f(left exact functor), XF (A) → F (B) → F (C) → 0 ´�Ü�, K

¡F ´m�Ü¼f(right exact functor),X0→ F (A)→ F (B)→ F (C)→ 0´

�Ü�, K¡F ´�Ü¼f(exact functor).

�F : A → B ´C���Æm��C¼f. éuA ¥?¿á�Ü�0 →
A → B → C → 0, X0 → F (C) → F (B) → F (A) ´�Ü�, K¡F ´�

�Ü¼f, XF (C) → F (B) → F (A) → 0 ´�Ü�, K¡F ´m�Ü¼f,

X0→ F (C)→ F (B)→ F (A)→ 0 ´�Ü�, K¡F ´�Ü¼f.

~1.82. �M´R-�. Kd·K1.48Ú1.49��, ¼fN 7→ HomR(N,M) ´�

�Ü�C¼f, N 7→ HomR(M,N) ´��Ü�C¼f.

3C���Æ¥, �âØ�{Ø�½Â, ��f : A→ B p��Ü�

0→ ker f → A
f−→ B → coker f → 0.
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�½��ãL

A
f //

dA
��

B

dB
��

A′
f ′ // B′,

·�kXe���ãL:

ker (dA)
iA //

f◦iA

##
f∗

��

A
dA //

f

��

A′
pA //

f ′

��

pB◦f ′

$$

coker (dA)

f ′∗
��

ker (dB)
iB // B

dB // B′
pB// coker (dB),

ùpdudB ◦ (f ◦ iA) = f ′ ◦ dA ◦ iA, �dØ��5�(�éu��dB), �3�

����

f∗ : ker (dA)→ ker (dB)

¦�ãL��; du(pB ◦ f ′) ◦ dA = pB ◦ dB ◦ f = 0, �d{Ø��5�(�é

u��dA), �3�����

f ′∗ : coker (dA)→ coker (dB)

¦�ãL��.

·�Ó�k�/Ún:

½n1.83 (�/Ún). �C �C���Æ. K1�Ü��ãL

X ′
f //

d′

��

X
g //

d

��

X ′′ //

d′′

��

0

0 // Y ′
p // Y

q // Y ′′

p��Ü�

ker (d′)
f∗−→ ker (d)

g∗−→ ker (d′′)
δ−→ coker (d′)

p∗−→ coker (d)
q∗−→ coker (d′′).

§1.3 gd�, Ý��ÚS��

§1.3.1 gd�

½Â1.84. �M ´�"R-�. X�3f8S ⊆M ¦�M = 〈S〉�S ¥���
�m´�5Ã'�, K¡M �S )¤�gd�(free module), S ¡�M ��

|Ä(basis).

�S = {xi}i∈I ´gd�M ��|Ä. �â½Â, M ¥���m þ��

���k�Ú

m = r1x1 + · · ·+ rnxn, ri ∈ R, xi ∈ S üüØÓ.
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dd, á�kXe½n:

½n1.85. �M ´±{xi}i∈I �Ä�gd�, N ´?¿R-��{yi}i∈I ´N ¥
�?¿�|��, K�3���Ó�f : M → N ¦�f(xi) = yi.

AO/, XN ´gd�, {yi}i∈I ´N ��|Ä, Kf ´Ó�.

y². Xm = r1x1 + · · · + rnxn, ef(xi) = yi, 7kf(m) =
n∑
i=1

riyi, =f ´�

�(½�. ,��¡ù�½Â�f �(´�Ó�.

XN ´±{yi}i∈I�Ä�gd�, Kf�_=g : N →M, g(yi) = xi.

íØ1.86. XM ´dS = {xi}i∈I �Ä�gd�, KM ∼=
⊕
i∈I

R.

y². éuj ∈ I,-ej ∈
⊕
i∈I

R,§�1j�©þ´1Ù§©þ�u0. K{ei}i∈I

´gd�
⊕
i∈I

R��|Ä.dþã½n,�3���Ó�f : M →
⊕
i∈I

R, f(xi) =

ei, ��3���Ó�g :
⊕
i∈I

R→M, g(ei) = xi. f �g w,p�_N�.

½Â1.87. gd�M ��, P�rank (M), ´�§��|Ä����ê.

½n1.88. gd�M �� ÕáuÄ�À�.

y². �{xi}i∈I �{yj}j∈J ´M �ü|Ä.��y²X|I| 6= |J |, KM =
⊕
i∈I

R

�N =
⊕
j∈J

R ØÓ�=�. XØ,�f : M → N �Ó�. -f(ei) = e′i,

K{e′i}i∈I ´N ��|Ä. -m ´R ���4�n�, Kf(mM) ⊆ mN . �L

5,éun ∈ N ,Pn =
s∑
i=1

rie
′
i. Ké?¿r ∈ m, f(r

k∑
i=1

riei) = rn. �f(mM) =

mN . dd=�f p�Ó�M/mM
∼−→ N/mN . �·�kM/mM ∼=

⊕
i∈I

k, Ù

¥k = R/m. ¤±
⊕
i∈I

k ∼=
⊕
j∈J

k. òü>þÀ�k- �5�m, �|I| 6= |J |�, ù

´Ø�U�.

íØ1.89. XM �N þ´gd�����, KM �N Ó�.

y3�M ´k��gd�. �|I| = n k�, {xi}i∈I �{yi}i∈I ´M�ü
|Ä. K

xi =
∑
j∈I

αijyj , yi =
∑
j∈I

βijxj (αij , βij ∈ R)

�L�ª��. -A = (αij)i,j∈I , B = (βij)i,j∈I , KAB = BA = In. ·�k:

·K1.90. �M ´��n �gd�, {xi}ni=1, {yi}ni=1 ´§�ü|Ä. -ü|Ä

m�C�Ý
�A, =

(y1, · · · , yn) = (x1, · · · , xn)A.

KA ∈ GLn(R). �L5,X{xi}ni=1�M ��|Ä, (y1, · · · , yn) = (x1, · · · , xn)A,

A ∈ GLn(R), K{yi}ni=1 �´M ��|Ä.
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·K1.91. �Q ´�R �n�, M =
⊕
i∈I

Rxi ´gdR-�. KQxi ´Rxi �f

��

M/QM ∼=
⊕
i∈I

Rxi/Qxi ∼=
⊕
i∈I

R/Q

´�R/Q þ�gd�, §��|Ä´{x̄i = xi +QM}i∈I .

y². w,. 3�öS.

§1.3.2 Ý��

½Â1.92. �P ¡�Ý��(projective module)´�é?¿1�ÜãL

P

h

}}
f

��
M

p // M ′ // 0,

�3Ó�h : P →M ¦�f ÷h ©), =f = ph.

½n1.93. e�^��d:

(1) P ´Ý��.

(2) ?¿�Ü�0→M ′ →M → P → 0 þ©�.

(3) �3�M ¦�P ⊕M �gd�. =P ´gd���Ú�.

(4) ¼f: M 7→ HomR(P,M) ´�Ü¼f.

y². (1)⇒ (2) ·��Ä

P

h

~~
1P
��

0 // M ′ // M
p // P // 0.

KduP ´Ý��, �3h : P → M , 1P = ph. ��Ü�0 → M ′ → M →
P → 0 ©�.

(2)⇒ (3)-F ´P )¤�gd�,K�3÷�f : F → P . -M = ker (f),

·�k�Ü�0→M → F → P → 0. d(2)�F = P ⊕M .

(3) ⇒ (4) -N �R-�¦�P ⊕ N = F =
⊕
i∈I

R �gd�. dué?¿

�M , d·K1.36�HomR(F,M) ∼=
∏
i∈I

M , �¼f: M 7→ HomR(F,M) �Ü.

éu�Ü�0→M ′ →M →M ′′ → 0, ·�k1�Ü��ãL

0 // HomR(F,M ′) //

����

HomR(F,M) //

����

HomR(F,M ′′) //

����

0

0 // HomR(P,M ′) // HomR(P,M)
g // HomR(P,M ′′) // 0.
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ÏLãLJl�g ´÷�, =¼fM 7→ HomR(P,M) �Ü.

(4)⇒ (1) éu�Ü�

0 −→M ′ = ker (p) −→M
p−→M ′′ −→ 0,

d¼f: M 7→ HomR(P,M) ��Ü5�p∗ : HomR(P,M) → HomR(P,M ′′) ´

÷�,ù�dué?¿Ó�f : P →M ′′,�3Ó�h : P →M ¦�f = ph.

·K1.94. �A ´R-�. KA ´Ý����=��38Ü{ai}i∈I ⊆ A ±9R-
�Ó�{ϕi : A→ R}i∈I ¦�

(1) éu?¿x ∈ A, ϕi(x) A�??�0.

(2) é?¿x ∈ A, x =
∑
i∈I

ϕi(x)ai.

�?�Ú/, d�A d{ai}i∈I )¤.

y². XA ´Ý��, -ψ : F � A, Ù¥F =
⊕
i∈I

Rei �gd�. ��3ϕ :

A → F ¦�ψϕ = 1A. ·�-ai = ψ(ei). �ϕ(x) =
∑
i∈I

riei. -ϕi : A → R,

x 7→ ri. K

x = ψϕ(x) =
∑
i∈I

riψ(ei) =
∑
i∈I

ϕi(x)ai.

�L5, -F =
⊕
i∈I

Rei, -ψ : F → A, ei 7→ ai. ½Âϕ : A → F, x 7→∑
i∈I

ϕi(x)ei, Kψϕ(x) = x, =ψϕ = 1A. �A ´Ý��.

·K1.95. �½�Ü�

0 −→ K
i−→ P

π−→M −→ 0,

0 −→ K ′
i′−→ P ′

π′−→M −→ 0,

Ù¥P �P ′ �Ý��, KK ⊕ P ′ ∼= K ′ ⊕ P .

y². �Ä��ãL

0 // K
i //

α

��

P
π //

β

��

M // 0

0 // K ′
i′ // P ′

π′ // M // 0

dP ´Ý��, ��3β : P → P ′ ¦�π = π′β. 2dπ′βi = πi = 0. ��

3α : K → K ′ ¦�i′α = βi. ·��ÄS�

0 −→ K
θ−→ P ⊕K ′ ψ−→ P ′ −→ 0, (*)

Ù¥Ó�θ : x 7→ (i(x), α(x)), ψ : (u, y) 7→ β(u)− i′(y). Kw,θ ´üÓ�. é

uu′ ∈ P ′, �u ∈ P ¦�π(u) = π′(u′), Kπ′(u′ − β(u)) = 0. ��3y ∈ K ′
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¦�u′ − β(u) = −i′(y). ¤±u′ = ψ((u, y)), =ψ ´÷Ó�. �(u, y) ∈ kerψ,

Kβ(u) = i′(y), ¤±π(u) = π′β(u) = 0. ��3x ∈ K, u = i(x). Ïdβ(u) =

i′α(x) = i′(y). di′ �ü�, �α(x) = y, (u, x) ∈ im θ. ,��¡, w,

kψθ = 0, �(∗) ´�Ü�. 2dP ′ ´Ý��=�K ⊕ P ′ ∼= K ′ ⊕ P .

§1.3.3 S��

½Â1.96. �E ¡�S��(injective module)´�é?¿1�ÜãL

E

0 // A
i //

f

OO

B,

g

``

�3Ó�g : B → E ¦�gi = f .

½n1.97. e�^��d:

(1) E ´S��.

(2) ?¿�Ü�0→ E → B → C → 0 þ©�.

(3) ¼f: M 7→ HomR(M,E) ´�Ü¼f.

y². (1)⇒ (2) �I�Ä

E

0 // E
i //

1E

OO

B // C // 0

=�.

(2)⇒ (1) �ÄãL

E
α // D

0 // A
i //

f

OO

B

β

OO

-D ´i �f �íÑ, =D = (E ⊕B)/S, Ù¥

S = {(f(a),−i(a)) | a ∈ A}.

di ´üÓ�, Kα �´üÓ�. �d(2), E ´D ��Ú�. -q : D → E,

qα = 1E , Kg = qβ, ÷vgi = f .

(1)⇔ (3) ´~1ú¯, y²Ñ.

íØ1.98. XE ´S���´�M �f�, KE ´M ��Ú�.

·K1.99. �{Ei}i∈I ´S��, K
∏
i∈I

Ei �´S��.
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y². ù´Ï�HomR(M,
∏
i∈I

Ei) ∼=
∏
i∈I

HomR(M,Ei).

íØ1.100. S���k��Úþ´S��.

½n1.101 (x�(Baer) �O{). �E ´S����=�éR �?¿n�I,

Ó�f : I → E þ�òÿ�Ó�g : R→ E, =g|I = f .

y². ⇒ d½Âá�.

⇐ éu�Ü�0 → A → B, ·�ÀA �B �f�. éuÓ�f : A → E,

-

X = {(A′, g′) : A ⊆ A′ ⊆ B, g′ : A′ → E´f �òÿ, =g′|A = f}.

38ÜX ¥·�½Â S:

(A′, g′) ≤ (A′′, g′′)��=�A′ ⊆ A′′ �g′′|A′ = g′.

du(A, f) ∈ X, �X ��. d��Ún(Zorn Lemma) �X ¥k4��, P�

�(A0, g0). XA0 6= B, �b ∈ B, b /∈ A0, ½Â

I = {r ∈ R | rb ∈ A0}.

KI ´R ¥�ýn�. ½Âh : I → E, r 7→ g0(rb). Kd®�^�, �3�Ó

�h∗ : R→ E ¦�h∗ ´h �òÿ. -A1 = A0 + 〈b〉 % A,

g1 : A1 → E, a0 + rb 7→ g0(a0) + rh∗(1),

Ù¥a0 ∈ A0, r ∈ R. Xa0 + rb = a′0 + r′b, K(r − r′)b = a′0 − a0 ∈ A0.

�g0(a′0− a0) = g0((r− r′)b) = h(r− r′) = (r− r′)h∗(1),¤±g1 ´½ÂûÐ�

�Ó�. N´wÑg1|A0 = g0, ù�(A0, g0) �4�5gñ.

~1.102. XR ���, K§�û�K = FracR ´S�R-�. ù´Ï�éu

K

0 // I //

f

OO

R

okf(ab) = af(b) = bf(a), � f(a)
a = f(b)

b = c ∈ K éu¤k0 6= a, b ∈ I þ¤
á. ·�½Â

g : R→ K, r 7→ rc.

Kg|I = f .

½Â1.103. �R´��.�D ¡��Ø�(divisible module)´�é?¿d ∈ D
Ú�"r ∈ R, �3d′ ∈ D, ¦�d = rd′.
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~1.104. (1) ��R �û�FracR ´�ØR-�.

(2) XD1 ÚD2 ´�Ø�, KD1 ⊕D2 �´�Ø�, X{Di}i∈I ´�Ø�,

K
⊕
i∈I

Di �´�Ø�. AO/, FracR þ��5�mÑ´�ØR-�.

(3) �Ø��û�´�Ø�.

Ún1.105. XR ´��, E ´S��, KE �´�Ø�.

y². �e ∈ E, 0 6= r0 ∈ R. ½ÂÓ�f : I = (r0)→ E, rr0 7→ re. duE ´S

��, �3Ó�h : R→ E ´f �òÿ, �e = f(r0) = h(r0) = r0h(1).

íØ1.106. XR ´PID, KS��Ú�Ø�ü�VgÜ.

y². ��yd��Ø��´S��=�.

�f : I → E �Ó�. dR �PID, I = (r0). dE ´�Ø�, ��3e ∈ E,

r0e = f(r0). ·�½Â

h : R→ E, r 7→ re.

Kh ´f �òÿ.

§1.4 ÜþÈ�²"�

§1.4.1 ÜþÈ

½Â1.107. �R´���, M1, · · · ,Mn, N ´R-�. �N�f : M1×· · ·×Mn →
N ¡�õ�5N�, ´�f ÷v^�

(1) f(· · · , xi + x′i, · · · ) = f(· · · , xi, · · · ) + f(· · · , x′i, · · · ) é?¿xi, x′i ∈Mi

¤á.

(2) f(· · · , rxi, · · · ) = rf(· · · , xi, · · · ) é?¿r ∈ R ¤á.

�½�RÚ�M1, · · · ,Mn, ·�Xe½Â�ÆC:
(i) C �é�´õ�5N�f : M1 × · · · ×Mn → N .

(ii) üé�m���´�R-�Ó�h : N → N ′ ¦�ãL

N

h

��

M1 × · · · ×Mn

f

88

g
&&
N ′

��, =g = hf .
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½Â1.108. �M1, · · · ,Mn 3R þ�ÜþÈ(tensor product) ´�ÆC �©é
�, =õ�5N�

ϕ : M1 × · · · ×Mn → U

¦�é?¿õ�5N�f : M1×· · ·×Mn → N ,�3��R-�Ó�h : U → N

¦�f = hϕ.

Ï~PU = M1 ⊗R · · · ⊗R Mn, ¿¡��M1, · · · ,Mn 3R þ�ÜþÈ,

Pϕ(x1, · · · , xn) = x1 ⊗ · · · ⊗ xn, ¡��x1, · · · , xn �ÜþÈ.

dõ�5N��½Â=�

x1⊗· · ·⊗ (xi+x′i)⊗· · ·⊗xn = x1⊗· · ·⊗xi⊗· · ·⊗xn+x1⊗· · ·⊗x′i⊗· · ·⊗xn,

r(x1 ⊗ x2 ⊗ · · · ⊗ xn) = (rx1)⊗ x2 ⊗ · · · ⊗ xn = x1 ⊗ (rx2)⊗ · · · ⊗ xn = · · ·

·��1��¯K´: �ÆC ¥©é�U ´Ä�½�3?

-E ´8ÜM1×· · ·×Mn = {(x1, · · · , xn) : xi ∈Mi})¤�gdR-�, F

´d/X(x1, · · · , xi + x′i, · · · , xn)− (x1, · · · , xi, · · · , xn)− (x1, · · · , x′i, · · · , xn)

9(x1, · · · , rx′i, · · · , xn)− r(x1, · · · , xn) ���)¤�E�f�. -

ϕ : M1 × · · · ×Mn → E → E/F, (x1, · · · , xn) 7→ (x1, · · · , xn).

KN´�yϕ ´õ�5N�. éu?¿õ�5N�

f : M1 × · · · ×Mn → N

g,½Â�N�f ′ : E → N , (x1, · · · , xn) 7→ f(x1, · · · , xn). KN´�yF ⊆
ker (f ′). �f ′ p��N�

h : E/F → N,

¦�f = hϕ. ·�k:

·K1.109. Xþ½Â�û�E/F 9�Ó�ϕ : M1×· · ·×Mn → E/F ´M1, · · · ,Mn

�ÜþÈ.

·�e¡?ØÜþÈ�5�. ÄkéuM1⊗M2,�±wÑ§���Ñ´

k�Ú
n∑
i=1

xi ⊗ yi, Ù¥ xi ∈M1, yi ∈M2.

§�÷v'X

(x+ x′)⊗ y = x⊗ y + x′ ⊗ y, x⊗ (y + y′) = x⊗ y + x⊗ y′,

(rx)⊗ y = x⊗ (ry) = r(x⊗ y).
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~1.110. -R = Z,M = Z/mZ, N = Z/nZ. Xm �n p�, K�3�êk1

Úk2 ¦�k1m + k2n = 1. du(mx) ⊗ y = 0 �(nx) ⊗ y = x ⊗ (ny) = 0,

�(k1m+k2n)x⊗y = 0,=x⊗y = 0. ¤±�mÚnp��, Z/mZ⊗ZZ/nZ = 0.

~1.111. ê¦N�R ×M → M ´V�5N�, p��Ó�R ⊗R M
∼−→ M ,

r ⊗m 7→ rm, _N�´m 7→ 1⊗m.

·K1.112. �3��Ó�

(M1 ⊗M2)⊗M3
∼−→M1 ⊗ (M2 ⊗M3)

∼−→M1 ⊗M2 ⊗M3,

¦�

(x⊗ y)⊗ z 7→ x⊗ (y ⊗ z) 7→ x⊗ y ⊗ z.

y². duM1 ⊗M2 ⊗M3 dx⊗ y ⊗ z )¤, ��5w,¤á. ey�35.

éux ∈M1, �Ä

λx : M2 ×M3 −→ (M1 ⊗M2)⊗M3, (y, z) 7−→ (x⊗ y)⊗ z.

KN´�yλx ´V�5N�, �§p�Ó�

λ̄x : M2 ⊗M3 −→ (M1 ⊗M2)⊗M3, y ⊗ z 7−→ (x⊗ y)⊗ z.

2�ÄN�

M1 × (M2 ⊗M3) −→ (M1 ⊗M2)⊗M3, (x, α) 7−→ λ̄x(α).

�(x, y ⊗ z) 7→ (x⊗ y)⊗ z. N´�ydN��´V�5N�, �§p�Ó�

M1 ⊗ (M2 ⊗M3) −→ (M1 ⊗M2)⊗M3, x⊗ (y ⊗ z) 7−→ (x⊗ y)⊗ z.

dé¡5, kÓ�N�

(M1 ⊗M2)⊗M3 −→M1 ⊗ (M2 ⊗M3), (x⊗ y)⊗ z 7−→ x⊗ (y ⊗ z).

þãüN�w,p�_N�, =�Ó�.

Ó�, V�5N�

M1 × (M2 ⊗M3) −→M1 ⊗M2 ⊗M3, (x, y ⊗ z) 7−→ x⊗ y ⊗ z

p�Ó�M1 ⊗ (M2 ⊗M3)→M1 ⊗M2 ⊗M3, n�5N�

M1 ×M2 ×M3 −→M1 ⊗ (M2 ⊗M3), (x, y, z) 7−→ x⊗ (y ⊗ z)

p�Ó�N�

M1 ⊗M2 ⊗M3 −→M1 ⊗ (M2 ⊗M3), x⊗ y ⊗ z 7−→ x⊗ (y ⊗ z),

§�p�_N�.
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·K1.113. �3���Ó�N�M ⊗N ∼−→ N ⊗M , x⊗ y 7→ y ⊗ x.

y². N�M ×N → N ⊗M , (x, y) 7→ y ⊗ x ´V�5N�, �p�N�M ⊗
N → N ⊗M , x⊗ y 7→ y⊗x. dé¡5�§w,´Ó�N�. ��5�´w

,�.

�fi : M ′i →Mi (1 ≤ i ≤ n) ´�Ó�. K

f =

n∏
i=1

fi : M ′1 × · · · ×M ′n −→M1 × · · · ×Mn,

(x1, · · · , xn) 7−→ (f1(x1), · · · , fn(xn))

�´�Ó�. �k�Ó�N�

M ′1 × · · · ×M ′n −→M1 ⊗ · · · ⊗Mn,

(x1, · · · , xn) 7−→ f1(x1)⊗ · · · ⊗ fn(xn).

N´�y§´n �5N�, Ïdp�Ó�

n⊗
i=1

fi : M ′1 ⊗ · · · ⊗M ′n −→M1 ⊗ · · · ⊗Mn,

(x1 ⊗ · · · ⊗ xn) 7−→ f1(x1)⊗ · · · ⊗ fn(xn).

=k��ãL

M ′1 × · · · ×M ′n
ϕ′ //

∏
fi

��

M ′1 ⊗ · · · ⊗M ′n⊗
fi

��
M1 × · · · ×Mn

ϕ // M1 ⊗ · · · ⊗Mn.

e¡·K´w,�:

·K1.114. �f, f1, f2 : M ′ →M �g, g1, g2 : N ′ → N �Ó�N�, r ∈ R. K

f ⊗ (g1 + g2) = f ⊗ g1 + f ⊗ g2,

(f1 + f2)⊗ g = f1 ⊗ g + f2 ⊗ g,

f ⊗ (rg) = rf ⊗ g = r(f ⊗ g).

·K1.115. �Ú�ÜþÈ�±��gS, =éuR-�(Mi)i∈I ÚN , k

(
⊕
i∈I

Mi)⊗N ∼=
⊕
i∈I

(Mi ⊗N).

y². Äk�Ä�I8I k��/. Ø��I = {1, · · · , n}. d�

(

n⊕
i=1

Mi)×N −→
n⊕
i=1

(Mi ⊗N), ((xi), y) 7−→ (xi ⊗ y)
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´V�5N�, §p�Ó�N�

(

n⊕
i=1

Mi)⊗N −→
n⊕
i=1

(Mi ⊗N), (xi)⊗ y 7−→ (xi ⊗ y).

�L5, éui = 1, · · · , n, V�5N�

Mi ×N −→ (

n⊕
i=1

Mi)⊗N, (xi, y) 7−→ (0, · · · , xi, · · · , 0)⊗ y

p�N�

Mi ⊗N −→ (

n⊕
i=1

Mi)⊗N, xi ⊗ y 7−→ (0, · · · , xi, · · · , 0)⊗ y.

2d�Ú��5�, ��N�

n⊕
i=1

(Mi ⊗N)→ (

n⊕
i=1

Mi)⊗N, (xi ⊗ yi) 7→
∑
i

(0, · · · , xi, · · · , 0)⊗ yi.

§�c¡�N�p�_N�.

éu���/. ��¡Ó�kN�

ϕ :
⊕
i∈I

(Mi ⊗N)→ (
⊕
i∈I

Mi)⊗N, (xi ⊗ yi) 7→
∑
i∈I

(0, · · · , xi, · · · , 0)⊗ yi.

éu?¿k�f8I0 ⊆ I, ·�k��ãL⊕
i∈I

(Mi ⊗N)
ϕ // (

⊕
i∈I

Mi)⊗N

⊕
i∈I0

(Mi ⊗N)

ü
OO

∼
ϕ|I0
// (
⊕
i∈I0

Mi)⊗N.

OO

éux =
∑
i∈I

(mi ⊗ ni) ∈ kerϕ, -I0 = {i ∈ I | mi ⊗ ni 6= 0}. eI0 = ∅,

Kx = 0. ÄKI0 k�, �x ∈ kerϕ|I0 = {0}, ¤±ϕ ´üÓ�. ,��¡, é

uy =
n∑
j=1

(mj,i) ⊗ nj , -I0 = {i ∈ I | mj,i 6= 0}. eI0 = ∅, Ky = 0, ϕ(0) = y.

ÄKI0 �k�8, y ∈ (
⊕
i∈I0

Mi) ⊗N . ��3x ∈
⊕
i∈I0

(Mi ⊗N) ⊆
⊕
i∈I

(Mi ⊗N)

¦�ϕ(x) = y. �ϕ �÷Ó�. nÜå5=�ϕ ´Ó�.

íØ1.116. eN ´gd�, {vi}i∈I ´N ��|Ä, KM ⊗N ∼=
⊕
i∈I

M .

y². eN = Rvi, KM ⊗N →M , x⊗ (rvi) 7→ rx ´Ó�N�. ��/,

M ⊗N ∼= M ⊗ (
⊕
i∈I

Rvi) ∼=
⊕
i∈I

(M ⊗Rvi) ∼=
⊕
i∈I

M.
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íØ1.117. XM,N þ�gd�, KM ⊗ N �´gd�, Ù��rank (M) ×
rank (N). AO/, éuk-�5�mV1 ÚV2, §��ÜþÈV1 ⊗ V2 ´dimV1 ×
dimV2 ��5�m.

·K1.118. �0 → M ′
i−→ M

p−→ M ′′ → 0 ´�Ü�, N ´?¿�. KN ⊗
M ′

i∗−→ N ⊗M p∗−→ N ⊗M ′′ → 0 �´�Ü�, Ù¥i∗ = 1N ⊗ i, p∗ = 1N ⊗ p.
�ó�, ¼fM 7→ N ⊗M ´R-mod þ�m�Ü�C¼f.

y². kyp∗ ´÷Ó�. é?¿m′′ ∈ M ′′, n ∈ N , -m ∈ M, p(m) = m′′.

Kp∗(n⊗m) = n⊗m′′, �p∗ ´÷�.

éu?¿m′ ∈M ′,

p∗ ◦ i∗(n⊗m′) = p∗(n⊗ i(m′)) = n⊗ p(i(m′)) = 0.

�p∗ ◦ i∗ = 0, ¤±ker (p∗) ⊇ im (i∗).

�yker (p∗) = im (i∗), -I = im (i∗), ��yp̄∗ : (N ⊗M)/I → N ⊗M ′′

�Ó�, ù�duÏép̄∗ �_N�g : N ⊗M ′′ → (N ⊗M)/I. �ÄN�

N ×M ′′ → (N ⊗M)/I, (n,m′′) 7→ (n⊗m) + I,

Ù¥p(m) = m′′. Xp(m̃) = p(m) = m′′, Kp(m̃ −m) = 0. ��3m′ ∈ M ′ ¦
�i(m′) = m̃−m. ¤±n⊗ m̃− n⊗m = n⊗ i(m′) ∈ I, �þãN�´û½Â

�. N´wÑ§´V�5N�, �p�N�

g : N ⊗M ′′ → (N ⊗M)/I, n⊗m′′ 7→ (n⊗m) + I.

§´p̄∗ �_N�.

·K1.119. M/IM ∼= R/I ⊗RM .

y². �Ä

R/I ×M →M/IM, (ā, x) 7→ ax+ IM,

§´V�5N�, p�Ó�

R/I ⊗RM →M/IM, ā⊗ x 7→ ax+ IM.

,��¡,

M → R/I ⊗RM, x 7→ 1̄⊗ x

��Ó�, ÙØw,�¹IM . �·�kÓ�

M/IM → R/I ⊗RM, x+ IM 7→ 1̄⊗ x.

ùü�Ó�p�_N�, ��Ó�.
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§1.4.2 ²"�

½Â1.120. �F ´R-�. ¡F �²"�(flat module)´�?Û�Ü�M ′
i−→

M
j−→M ′′ þp��Ü�F ⊗M ′ i∗−→ F ⊗M j∗−→ F ⊗M ′′.

·K1.121. e�·K�d

(1) F ´²"�.

(2) ¼f(M 7→ F ⊗M) ´�Ü¼f.

(3) é?¿üÓ�i : M ′ →M , Ki∗ : F ⊗M ′ → F ⊗M �´üÓ�.

y². (2)=´`�Ü�0→M ′
i−→M

j−→M ′′ → 0p��Ü�0→ F ⊗M ′ i∗−→
F ⊗M j∗−→ F ⊗M ′′ → 0. (1)⇒ (2)⇔ (3)´w,�, ·�y(3)⇒ (1).

d�Ü�M ′
i−→ M

j−→ M ′′, ·�ká�Ü�0 → im i → M → im j → 0.

�k�Ü�0→ F ⊗ im i→ F ⊗M → F ⊗ im j → 0. 5¿�id⊗ j : F ⊗M →
F ⊗ im j → F ⊗M ′′. dim j ↪→M �ü, �F ⊗ im j → F ⊗M ′′ ´üÓ�. �

ker (id⊗ j) = ker (F ⊗M → F ⊗ im j) = F ⊗ im i = im (id⊗ i).

·K1.122. (1) R ´²"R-�.

(2) �F =
⊕
i∈I

Fi ´�Ú, KF ´²"���=�éz�i ∈ I, Fi �´²

"�. �gd�´²"�, ²"���Ú��´²"�.

(3) Ý��´²"�.

y². (1) ùdM ⊗R R ∼= M á�.

(2)du(
⊕

i∈I Fi)⊗M ∼=
⊕

i∈I(Fi⊗M),N�(
⊕

i∈I Fi)⊗M ′ → (
⊕

i∈I Fi)⊗
M ´üÓ��du

⊕
i∈I(Fi ⊗M ′ → Fi ⊗M) ´üÓ�, ��duéz�i,

Fi ⊗M ′ → Fi ⊗M ´üÓ�.

(3) ù´duÝ��´gd���Ú�.

~1.123. �R ´��, M ∼= R/I, I ´R ��²�n�, KM Ø´²"�. ù

´Ï�üÓ�R→ K = FracR p�"Ó�R/I = R/I ⊗R→ R/I ⊗K = 0.

Ún1.124. �F ´²"�, Kéu�Ü�0 → N → M → F → 0 9?¿R-

�E, S�0→ N ⊗ E →M ⊗ E → F ⊗ E → 0 �´�Ü�.

y². �L �gd�, �k�Ü�0 → K → L → E → 0. K·�k�Ü��
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ãL

0

��
N ⊗K //

��

M ⊗K //

��

F ⊗K //

��

0

0 // N ⊗ L //

��

M ⊗ L //

��

F ⊗ L

��
N ⊗ E //

��

M ⊗ E //

��

F ⊗ E

��
0 0 0

d�/Ún=�N ⊗ E →M ⊗ E ´üÓ�.

·K1.125. �0→ F ′ → F → F ′′ → 0 ´�Ü��F ′′ ²", KF ´²"��

�=�F ′ ²". AO/, éu�Ü�

0→ F 0 → F 1 → · · · → Fn → 0.

XF 1, · · · , Fn þ²", KF 0 �²".

y². XM ′ →M ´ü�, Kk�Ü��ãL

0

��
// F ′ ⊗M ′ //

��

F ⊗M ′ //

��

F ′′ ⊗M ′ //

��

0

0 // F ′ ⊗M // F ⊗M // F ′′ ⊗M

d�/Ún,

ker (F ′ ⊗M ′ → F ′ ⊗M) = ker (F ⊗M ′ → F ⊗M)

�F ′ ²"�duF ²".

éu���¹, Äkkker (Fn−1 → Fn) = im (Fn−2 → Fn−1)²". d8

B{�im (F i → F i+1) ²". AO/, F 0 ²".

·K1.126. F ´²"��dué?¿n�I ⊂ R, kI ⊗ F ∼= IF .

·�I�ü�Ún.

Ún1.127. XéE �?¿f�E′, F ⊗ E′ → F ⊗ E ´üÓ�, Kéu?

¿E′1 ↪→ E′2 9M
′ ↪→ M , Ù¥E′1, E

′
2 �E �f�, M �E �û�, N�F ⊗

E′1 → F ⊗ E′2 9F ⊗M ′ → F ⊗M �´üÓ�.
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y². éuf�, ù´duF ⊗ E′1 → F ⊗ E′2 ↪→ F ⊗ E ´üÓ�.

éuû�M , -p ´ûN�, N = ker p. -E′ = {x ∈ E | p(x) ∈ M ′}, ·
�k1�Ü��ãL

0

��
0 // N // E′ //

��

M ′ //

��

0

0 // N // E
p // M // 0.

éãLz�⊗F , ·�k

0

��
F ⊗N // F ⊗ E′ //

��

F ⊗M ′ //

��

0

0 // F ⊗N //

��

F ⊗ E // F ⊗M

0

d�/Ún=�F ⊗M ′ → F ⊗M ´üÓ�.

Ún1.128. eé¤kEi 9¤kE′i ↪→ Ei þkF ⊗ E′i ↪→ F ⊗ Ei. Ké¤

kE′ ↪→ E =
⊕
i∈I

Ei kF ⊗ E′ ↪→ F ⊗ E.

y². k�Ä|I| = 2 ��/. �E = E1 ⊕E2, -E′1 = E1 ∩E′, E′2 = im (E′ →
E2). Kk�Ü��ãL

0

��

0

��

0

��
0 // E′1 //

��

E′ //

��

E′2 //

��

0

0 // E1
// E // E2

// 0

§�Ñ�Ü��ãL

0

��

0

��
F ⊗ E′1 //

��

F ⊗ E′ //

��

F ⊗ E′2 //

��

0

0 // F ⊗ E1
// F ⊗ E // F ⊗ E2
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d�/Ún, F ⊗ E′ → F ⊗ E �üÓ�. 8Bb�=�éI k�¤á.

éu���/, �yα : F ⊗ E′ →
⊕
i∈I

(F ⊗ Ei) ´üÓ�. Xx ∈ kerα,

·��±b�x =
∑
j

mj ⊗ xj ,mj ∈ F, xj ∈ E′. �xj á3E �k�õ�©

þþ, òα(x) =
∑
i∈I

mi ⊗ yi �¤)¤��Ú, K�±b��I8I k�l�

�x = 0.

·K1.126�y². ��¡, d�Ü�0 → I → R → R/I → 0, XF ²",

KR/I ⊗ F ∼= F/(I ⊗ F ). �R/I ⊗ F ∼= F/IF .

,��¡, dþãüÚn, ·��

(1) é?¿M ′ ↪→
⊕
i∈I

R,F ⊗M ′ ↪→ F ⊗ (
⊕
i∈I

R).

(2) éu
⊕
i∈I

R �?¿û�M 9M ′ ↪→M , kF ⊗M ′ ↪→ F ⊗M .

�?¿�þ´gd��û�, �·K�y.

§1.4.3 ÄC�

�f : R → S ´����Ó�, KS g,À�R-�: r · s = f(r)s, �?

¿S-�þ�À�R-�.

�M ´R-�, KS ⊗RM ´R-�. �s ∈ S, N�

S ×M → S ⊗RM, (s′,m) 7→ ss′ ⊗m

´R-V�5N�, �p�N�

µs : S ⊗RM → S ⊗RM, s′ ⊗m 7→ (ss′)⊗m.

dd·���N�

S × (S ⊗RM)→ S ⊗RM, (s, s′ ⊗m) 7→ (ss′)⊗m.

N´�yù÷vê¦N��ü�5�, ÏdS ⊗RM ¤�S-�, P��MS .

~1.129. �I ⊆ R �n�, π : R → R = R/I �g,ûN�. KM = R/I ⊗R
M ∼= M/IM ´R- �, ¡�M �I ��z (reduction modulo I).

~1.130. �R ���, K = FracR �Ù©ª�, i : R → K �g,�¹N�.

KMK = K ⊗RM ´K-�5�m.

·K1.131. �M ′ ´R-�, M ´S-�, f : R→ S ��Ó�. K�3S-�Ó�

N�

M ⊗S M ′S
∼−→M ⊗RM ′.
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y². Äk�s ∈ S, KN�

M ×M ′ →M ⊗RM ′, (m,m′) 7→ (sm)⊗m′

´R-V�5N�, �kN�

µs : M ⊗RM ′ →M ⊗RM ′, m⊗m′ 7→ (sm)⊗m′.

dd½Â�N�

S × (M ⊗RM ′)→M ⊗RM ′, (s,m⊗m′) 7→ (sm)⊗m′

´ê¦N�. =M ⊗RM ′ �´S-�.

�ÄN�

M ×M ′S →M ⊗RM ′, (m, s⊗m′) 7→ (sm)⊗m′.

§´S-V�5N�, �p�S-�Ó�

ϕ : M ⊗S M ′S →M ⊗RM ′, m⊗ (s⊗m′) 7→ (sm)⊗m′.

,��¡, M ⊗S M ′S ��S-�, g,À�R-�,

M ×M ′ →M ⊗S M ′S , (m,m′) 7→ m⊗ (1⊗m′)

´R-�V�5N�, ��R-�Ó�

ψ : M ⊗RM ′ →M ⊗S M ′S , m⊗m′ 7→ m⊗ (1⊗m′).

duϕ �ψ p�_N�, �ϕ �ψ ´S- �Ó�.

íØ1.132. �R→ S → T ��Ó�, K

MT = T ⊗RM ∼= T ⊗S MS = T ⊗S (S ⊗RM).

·K1.133. �R→ A ��Ó�.

(1) (ÄC�, Base Change). XF ´²"R-�, KFA = A ⊗R F ´²

"A-�.

(2) XA ´²"R-�, M ´²"A-�, KM À�R-��´²"R-�.

y². (1) XM ′ ↪→M �A-�üÓ�, òM ′ �M À�R- �, küÓ�M ′ ⊗R
F →M ⊗R F . �dþã·K, ·�k��ãL

M ′ ⊗R F
ü //

o
��

M ⊗R F

o
��

M ′ ⊗A FA // M ⊗A FA.
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�M ′ ⊗A FA ↪→M ⊗A FA. ¤±FA ´²"A- �.

(2)�N ′ ↪→ N �R-�üÓ�. dA´²"R-�,KN ′A ↪→ NA = N ⊗RA
´A-�üÓ�. 2dM ´²"R-�9��ãL

M ⊗A N ′A
ü //

o
��

M ⊗A NA

o
��

M ⊗R N ′ // M ⊗R N,

�M ⊗R N ′ →M ⊗R N ´üÓ�, �M ´²"R-�.

§1.5 Ìn���þk�)¤��(�½n

§1.5.1 ��Û�

·�ÄkE,b�R ´¹N���.

½Â1.134. �M ´R �, m ∈M . n�

ann(m) := {r ∈ R | rm = 0} ⊆ R

¡�m �"zf(annihilator)½�(order). Xm�"zfann(m) 6= 0, Km ¡

�k���(element of finite order) ½Û�(L�, torsion element).

�±wÑ

ϕ : R→M, r 7→ rm

p�Ó�R/ann(m) ∼= 〈m〉.

½Â1.135. éuR-�M , f8

Mtor := {m ∈M | m��k�}.

·K1.136. XR ´��, KMtor ´M �f�.

y². Xa, bÛ, r ∈ R,�s, t 6= 0, sa = tb = 0. Kst 6= 0, st(a+b) = 0, sra = 0,

�a+ b �ra þ´Û�.

5P. XR Ø´��, KMtor Ø�½kf�(�. XR = Z/6Z, M = R,

K[3], [4] ∈Mtor �[3] + [4] = [1] /∈Mtor.

½Â1.137. XM = Mtor, M ¡�Û� ½L�(torsion module). XMtor = 0,

M ¡�ÃÛ� ½ÃL�(torsion free module).

·K1.138. �R ���. K

(1) M/Mtor ´ÃÛ�.

(2) XM ∼= M ′, KMtor
∼= M ′tor �M/Mtor

∼= M ′/M ′tor.
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y². (1) Xm̄ ∈ M/Mtor Û, K�3r 6= 0, rm̄ = 0̄. ¤±rm = m′ ∈ Mtor, �

3r′ 6= 0, r′m′ = 0. �r′rm = 0. =m ∈Mtor, m̄ = 0.

(2) Xϕ : M → M ′ ��Ó�, Kϕ(Mtor) ⊆ M ′tor, =ϕ p�Ó�Mtor →
M ′tor. Xϕ ´Ó�, Kϕ−1 p�Ó�M ′tor → Mtor. ùü�p�Ó�p�_N

�.

,��¡,�ϕ : M →M ′ �Ó�. Pϕ̄�EÜN�M →M ′ →M ′/M ′tor.

K

m ∈ ker ϕ̄⇔ ϕ(m) ∈M ′tor ⇔ m ∈ ϕ−1(M ′tor) = Mtor.

�ϕ p�Ó�M/Mtor
∼= M ′/M ′tor.

5P. Xϕ : M → M ′ �üÓ�, Kp��Ó�Mtor → M ′tor �½´üÓ�,

�Xϕ ´÷Ó�, p��Ó�Ø�½´÷Ó�, Ïd¼fM 7→ Mtor Ø´�

Ü¼f. ��{ü�~f´Z-��Ü�0 → Z → Z → Z/2Z → 0 p��S

�0→ 0→ 0→ Z/2Z→ 0 Ø´�Ü�.

§1.5.2 k�)¤ÃÛ�

e¡��!(å·�Ñb�R ´Ìn���, =PID. 3+ØÆS¥, ·

�®²��k�)¤C��+�(�½n,3�5�êÆS¥,·����


Ú�5C��¤�dIO/. ùü�nØ�í2, Ò´PID þk�)¤��

(�½n. e¡�½néu(�½n�¼��'�:

½n1.139. XR ´PID, Kk�)¤ÃÛR �Ñ´gd�.

íØ1.140. XR ´PID, F ´k�)¤gdR-�, S ´F �f�, KS �´g

d��rank S ≤ rank F . AO/, k�)¤Ý�R-�´gd�.

íØ�y²deãÚn=�.

Ún1.141. �R �PID, M ´dn ���)¤�R �. KM �f�S �d�

õn ���)¤.

y². ·�én �8B. �n = 1 �, M ´Ì��. �M ∼= R/I. XS ⊆ M ,

KS ∼= J/I �´Ì��.

XM = 〈x1, · · · , xn+1〉, -M ′ = 〈x1, · · · , xn〉. �Ä�Ü�

0→ S ∩M ′ → S → S/S ∩M ′ → 0.

KS ∩M ′ ´M ′ �f�. d8Bb�§�d�õn���)¤. S/S ∩M ′ ∼=
(S +M ′)/M ′ ⊆ M/M ′ ½ö´"�, d�S ´M ′ �f�; ½ö´Ì��, §

d1 ���ȳ )¤. �S ∩M ′ = 〈y1, · · · , yk〉, Ù¥k ≤ n. -y ∈ S ´ȳ �_�.

Kk + 1 �8Ü{y, y1, · · · , yk} )¤S.
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½n1.139�y². �M ´k�)¤ÃÛ�. P{v1, · · · , vn} ´M ��|)¤
�. ·�én �8B5y²½n.

(1) �n = 1 �, M ÃÛ`²N�R → M, r 7→ rv1 ´Ó�, �M ´gd

�.

(2) XM = 〈v1, · · · , vn+1〉, -M ′ = {m ∈ M | �3 0 6= r ∈ R, rm ∈
〈vn+1〉}. KN´�yM ′ ´M �f��M/M ′ ´ÃÛ�. ¯¢þ, Xx ∈
M\M ′, er 6= 0, r(x + M ′) = 0, Krx ∈ M ′. ��3r′ 6= 0, rr′x ∈ 〈vn+1〉,
¤±x ∈M ′. gñ.

duvn+1 ∈M ′, �M/M ′ ´d{v1 +M ′, · · · , vn +M ′} )¤�ÃÛ�. d

8Bb�, §´�≤ n �gd�. ��Ü�0→M ′ →M →M/M ′ → 0 ©�,

M = M ′ ⊕M/M ′. ·���y²eM ′ 6= 0, KM ′ ´��1 �gd�=�.

éux ∈M ′, �3r 6= 0, rx = avn+1. ·�-

ϕ : M ′ → K = FracR, x 7→ a

r
.

Kϕ ´û½Â�üÓ�, D = ϕ(M ′) ´K ¥k�)¤ÃÛf�. PD =

〈 b1c1 , · · · ,
bm
cm
〉, c =

m∏
i=1

ci. K

f : D → R, d 7→ cd.

´üÓ�, D ∼= I = aR ´�1�gd�.

íØ1.142. �R ´PID, M ´k�)¤R �. K

(1) M ∼= (M/Mtor)⊕Mtor, Ù¥M/Mtor ´k�)¤gdR �.

(2) M ∼= M ′ ��=�Mtor
∼= M ′tor �rank (M/Mtor) = rank (M ′/M ′tor).

y². (1) duM/Mtor ´k�)¤ÃÛ�, �´gd�, l´Ý��, ��

Ü�0→Mtor →M →M/Mtor → 0 ©�. ¤±·�kM ∼= (M/Mtor)⊕Mtor.

(2) w,.

5P. 8�éuPIDþk�)¤�M ,¡M/Mtor���M ��,P�rank (M).

íØ1.143. PIDþ�²"�=ÃÛ�.

·�I���Ún.

Ún1.144. X�M �¤kk�)¤f�Ñ´²"�, KM �´²"�.

y². éu�Ü�0 → N ′
i→ N , ·��y0 → M ⊗ N ′ i∗→ M ⊗ N �´�Ü

�. Xα ∈ ker i∗, -α =
k∑
i=1

mi ⊗ n′i. K

i∗(α) = 0 =
∑
j

cj [mj ⊗ (nj + n′j)−mj ⊗ nj −mj ⊗ n′j ]

+
∑
s

cs[(ms +m′s)⊗ ns −ms ⊗ ns −m′s ⊗ ns]

+
∑
t

ct[(rtmt)⊗ nt −mt ⊗ (rtnt)],
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Ù¥eIj, s, tþLk�8, mj ,ms,m
′
s,mt ∈M , nj , n

′
j , ns, nt ∈ N , cj , cs, ct, rt ∈

R.

-M ′ = 〈mj ,ms,m
′
s,mt〉. KM ′ ´M �k�)¤f�, α ∈ ker (M ′ ⊗

N ′
i∗→M ′ ⊗N) = {0}. �α = 0.

íØ 1.143�y². ��¡, eM ´ÃÛ�, K§�¤kk�)¤f�Ñ´g

d�. �dÚn, M ´²"�.

,��¡, eM ´²"�. XM kÛ�. �0 6= m ∈ M , 0 6= r ∈ R,

rm = 0. Km⊗ 1 = m ∈ ker (M ⊗R R→M ⊗ FracR). gñ.

íØ1.140 ¥�k�)¤^��±�K:

½n1.145. �R ´PID, F ´gdR �, H ´F �f�. KH �´gd�

�rank H ≤ rank F . AO/, Ý��=gd�.

y². �{xk | k ∈ K} ´F ��|Ä. �âÀJún(ûS�n), Ø��K

´ûS8, =K þk S(��§�?Û��f8k���. éuk ∈ K,

-F ′k = 〈xj | j < k〉, Fk = 〈xj | j ≤ k〉 = F ′k ⊕ 〈xk〉. KF =
⋃
k

Fk. -H ′k =

H ∩ F ′k, Hk = H ∩ Fk. KHk/H
′
k ⊆ Fk/F

′
k
∼= R. ��oHk/H

′
k = 0, �

oHk/H
′
k = 〈hk〉 é,�hk ∈ Hk ⊆ H ¤á. ·�y²: H = 〈hk | k ∈ K〉.

�H∗ = 〈hk | k ∈ K〉. g,kH ⊇ H∗. éuf ∈ F , -µ(f) �u���k

¦�f ∈ Fk. XH∗ 6= H, -

j = min{µ(h) | h ∈ H, h /∈ H∗}.

À�h′ ∈ H, ¦�µ(h′) = j. Kh′ ∈ H ∩ Fj . �h′ = a + rhj é,�a ∈ H ′j

Úr ∈ R ¤á. Ïda ∈ H, a /∈ H∗ �a ∈ H ′j �j ���5gñ. �H = H∗.

·���y²{hk | k ∈ K} �5Ã'. e

r1hk1 + · · ·+ rnhkn = 0, k1 < k2 < · · · < kn.

Krnhkn ∈ 〈hkn〉 ∩H ′kn = 0. �rn = 0. Ónri = 0, i = 1, · · · , n− 1.

§1.5.3 (�½n

díØ1.142, ���PID þk�)¤�M�(�, �I��: (i) M �

�rank (M) = rank (M/Mtor), (ii)Ûf�Mtor�(�. ·�e¡ïÄÛ��(

�.

½Â1.146. �P = (p) ´R ��"�n�(�ó�, =4�n�), M ´R-�.

Xé?¿m ∈ M �3��ên ¦�pnm = 0. K¡M ´P -O��(P -primary

module).

éu?¿R-�M , M �P -O�Ü©½Â�

MP = {m ∈M | pnm = 0 é,��ê n ¤á}.
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N´wÑMP ´M �f�.

·K1.147. XM ´Û�, KM =
⊕
P 6=0

MP .

y². �m ∈M , m 6= 0. Pann(m) = (d). K

d = upe11 · · · penn , Ù¥pi ´pØ'é���, u´ü .

-ri = d
p
ei
i

. Kdpeii ·rim = 0�rim ∈MPi ,Ù¥Pi = (pi). dugcd(r1, · · · , rn) =

1, ��3si ∈ R,
n∑
i=1

siri = 1. ¤±

m =

n∑
i=1

sirim ∈
n∑
i=1

MPi ⊆ 〈MP | P ��"�n�〉.

-HP = 〈MP ′ | P ′ 6= P 〉. �yM =
⊕
P 6=0

MP , ��yHP ∩MP = {0}

=�. �m ∈ HP ∩MP . ��¡dm ∈ MP , ��3l ≥ 1, plm = 0. ,��

¡, dm ∈ HP , �m =
t∑
i=1

mi, mi ∈ MQi , Qi = (qi) ��3w = ql11 · · · q
lt
t , ¦

�wm = 0. du(pl, w) = 1, �m = 0.

íØ1.148. �M �M ′ ´Û�. KM ∼= M ′ ��=�é?¿�"�n�P ,

MP
∼= M ′P .

duP = (p) 6= 0 ´R �4�n�, kP = R/P ´�. éu?¿k�)

¤R-�M , M/PM ´k�)¤kP -�, =k��kP -�5�m.

½Â1.149. �M ´k�)¤R �. ½ÂM 3P ?��Ý

dP (M) = dimkP M/PM.

éun ≥ 1, ½Â

UP (n,M) = dP (Pn−1M)− dP (PnM).

d½Â��,�M ´k�)¤Û��, dP (M) = 0��=�M = PM ,ù

�duM �P -O�Ü©MP = 0.

·K1.150. �M ´k�)¤P -O��, KM ´k�õ�Ì�P -O����

Ú. =

M ∼=
m⊕
i=1

R/P ei

Ù¥R/P e ©þÑy�gê�uUP (e,M), §dM ��û½.
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Ún1.151. �M 6= 0 �k�)¤P O�Û�, pn−1M 6= 0, �pnM = 0.

�x ∈M ¦�pn−1x 6= 0. -M1 = 〈x〉, K
(1) é¤ki ≥ 1 kM1 ∩ piM = piM1.

(2) dP (M) = dP (M1) + dP (M/M1) = 1 + dP (M/M1).

y². (1) Xy = mptx = piu, p - m, t ≥ 0, u ∈ M , ·��yy = piu′ é

,�u′ ∈ M1 ¤á. ei ≥ n, Ky = 0, �u′ = 0 =�. ei < n t ≥ i,

Ky = pi ·mpt−ix. ei < n �t < i, K

pnu = pn−i · y = mpn−i+tx 6= 0.

gñ.

(2) d��Ó�½n, ·�k

M/M1

p(M/M1)
∼=

M/M1

(pM +M1)/M1

∼= M/(pM +M1) ∼=
M/pM

(pM +M1)/pM
,

�

(pM +M1)/pM ∼= M1/(pM ∩M1) = M1/pM1,

��ª�y.

·K1.150�y². (1)Äky²M ´/XR/P eù�����Ú.·�édP (M)

�8B.

�dP (M) = 1 �, �0 6= x ∈ M , Kx̄ ∈ M/PM )¤M/PM . �pnx = 0

�pn−1x 6= 0. é?¿y ∈ M , y = a0x + py1, Ù¥a0 ∈ R, y1 ∈ M . �g48,

Ky = (a0 + a1p+ · · ·+ an−1p
n−1)x. �M dx )¤, M ∼= R/Pn. ¤±·K�

�35¤á.

b��35éudP (M) ≤ k �¤á. �ÄM0 = 〈x0〉, Ù¥pnx0 = 0,

�pn−1x0 6= 0, pnM = 0. XÚn¤«, K

dP (M/M0) ≤ dP (M)− 1 < dP (M),

d8Bb�, ·�k

• M/M0
∼=

q⊕
i=1

〈x̄i〉 �Ì����Ú.

• M0 = 〈x0〉 ∼= R/Pn ´Ì��.

�x̄i ∈ M/M0 ��´pni . =pni x̄i = 0, �pni−1x̄i 6= 0. -yi ∈ M ´x̄i �

����, Kpniyi ∈ M0 ∩ pniM . dÚn, �3rix0 ∈ M0, pniyi = pnirix0.

�xi = yi− rix0 ´x̄i ���,��upni , =x̄i ��, Mi = 〈xi〉 ∼= R/pni . ·�

kM = 〈x0, x1, · · · , xq〉,��y²M ´Mi��Ú=�.Xr0x0+· · ·+rqxq = 0,

�M0 =�r1x̄1 + · · · rqx̄q = 0. duM/M0 ´〈x̄i〉 ��Ú, �rix̄i = 0 é
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u1 ≤ i ≤ q ¤á. duxi �x̄i Ó�, �rixi = 0 éu1 ≤ i ≤ q ¤á. ¤

±M =
q⊕
i=0

Mi ´�Ú.

(2) ��5. �M ∼=
m⊕
i=1

R/P ei . éu?¿e ≥ 0, m>©þ¥R/P ei (ei ≥

e+ 1) Ñy�gê=dP (peM), ¤±©þ¥R/P e+1 Ñy�gê�UP (e,M) =

dP (peM)− dP (pe+1M), ù��´dM û½�.

8Bc¡�(J, ·�Ò���!�Ì�½n:

½n1.152 (Ìn���þk�)¤��(�½n). �R ´PID, M ´k�)

¤R-�, K

M ∼= Rr
⊕ ⊕

06=P�

⊕
n≥1

(R/Pn)UP (n,M),

Ù¥

• r = rankM = lim
n→∞

dP (PnM),

• UP (n,M) = dimkP P
n−1M/PnM − dimkP P

nM/Pn+1M

dM ��(½. �K¤kUP (n,M) = 0 �©þ, KM ��Ó�uk�Ú

Rr ⊕
s⊕
i=1

ji⊕
j=1

R/P
ei,j
i , Pi = (pi) ´�"�n�, ei,j > 0.

½Â1.153. �M �Ð�Ïf| ´õ8{pei,ji | 1 ≤ i ≤ s, 1 ≤ j ≤ ji}, Ù¥
z���p

ei,j
i ¡�M �Ð�Ïf(elementary divisor). M ��(order)´Ð�

Ïf|¤kÏf�È
∏
i,j

p
ei,j
i .

òM �Ð�ÏfU�Ó�Ïf, �êd���ü�

pe111 , pe121 , · · · , pe1j11 , e11 ≥ · · · ≥ e1j1 ,

pe212 , pe222 , · · · , pe2j22 , e21 ≥ · · · ≥ e2j2 ,

· · ·

pes1s , pes2s , · · · , pesjss , es1 ≥ · · · ≥ esjs .

-c′j �éA1j �¤kÐ�Ïf�¦È, Kc′j o´c
′
j−1 �Ïf. X��Ïf

�c′t. -cj = c′t−j+1,Kc1 | c2 | · · · | ct. ct ´11�Ð�Ïf�È, ct−1 ´12�

Ð�Ïf�È, · · · , c1 ´1t �Ð�Ïf�È.

½Â1.154. {c1, · · · , ct} ¡�M �ØCÏf(invariant factor).

�â¥I�{½n, R/〈c′j〉 =
s⊕
i=1

R/P
eij
i , �

íØ1.155. Mtor
∼= R/(c1)⊕ · · · ⊕R/(ct).
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½Â1.156. �R ´���, �M ´ÛR �. KM �"zf

ann(M) = {r ∈ R | rm = 0 é?¿m ∈M ¤á}.

d½Â, ann(M) =
⋂

m∈M
ann(m) ´R �n�. XR ´PID, 2du

M ∼= R/(c1)⊕ · · · ⊕R/(ct),

·�k

íØ1.157. XR ´PID, M ´ÛR �, Kann(M) = (ct).

§1.5.4 l�Ø*:w¤�dIO/nØ

�R ´PID, M ´k�)¤R �, K·�k�Ü�

0→ S → Rn →M → 0.

�âíØ1.140, S ��Rn �f�´�m ≤ n �gd�. �Rn ��|Ä

´{e1, · · · , en}, S ��|Ä�{f1, · · · , fm}. K

fj =

n∑
i=1

aijei, aij ∈ R.

PA �n×m �Ý
(aij) (1 ≤ i ≤ n, 1 ≤ j ≤ m). Kþª�±L«�

(f1, · · · , fm) = (e1, · · · , en)A.

ù�)¤'XªÚ)¤Ý
(½
M �Ly

M = Rn/S = 〈e1, · · · , en | (f1, · · · , fm) = (e1, · · · , en)A = 0〉.

e{e′1, · · · , e′n} Ú(f ′1, · · · , f ′m) ©O´Rn ÚS �,	�|Ä, P

(e′1, · · · , e′n) = (e1, · · · , en)P, (f ′1, · · · , f ′m) = (f1, · · · , fm)Q.

KP ´n ��_
, Q ´m ��_
, �

(f ′1, · · · , f ′m) = (e′1, · · · , e′n)P−1AQ.

ù`²Ä�ØÓÀ����)¤Ý
3Ó���-�dap. ,��¡, X

JM = 〈e1, · · · , en | f1, · · · , fm〉, éA�)¤Ý
´A, M ′ = 〈e′1, · · · , e′n |
f ′1, · · · , f ′m〉, éA�)¤Ý
A′ = P−1AQ, -

TP : 〈e1, · · · , en〉 → 〈e′1, · · · , e′n〉, (e1, · · · , en)X 7→ (e′1, · · · , e′n)P−1X,

TQ : 〈f1, · · · , fm〉 → 〈f ′1, · · · , f ′m〉, (f1, · · · , fm)Y 7→ (f ′1, · · · , f ′m)Q−1Y.
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K1�Ü��ãL

0 // 〈f1, · · · , fm〉 //

TQ

��

〈e1, · · · , en〉 //

TP

��

M //

��

0

0 // 〈f ′1, · · · , f ′m〉 // 〈e′1, · · · , e′n〉 // M ′ // 0

p�
M �M ′ �Ó�. ·�k

·K1.158. PID þk�)¤�M 3Ó�¿Âed)¤Ý
A ��-�da

��(½.

-Eij = (ekl)n×n, Ù¥

ekl = δkiδlj =

1, X(k, l) = (i, j),

0, Ù¦�/.

-

Pij = In − Eii − Ejj + Eij + Eji,

Di(λ) = In + (λ− 1)Eii, λ´R ¥�ü , =λ ∈ R×,

Tij(λ) = In + λEij , λ ∈ R.

Kd�5�ê�£, ·���Pij , Di(λ) �Tij(λ) þ´R þ��_�
, §�

�_©O´Pij , Di(λ
−1) �Tij(−λ). �?�Ú/, éuÝ
�Ð�1C�,

(R1) p�Ý
�i, j ü1, ��u�¦�
Pij ,

(R2) òü λ ∈ R×¦�Ý
1i1, ��u�¦�
Di(λ),

(R3) òÝ
1j1�λ�\�1i1, ��u�¦�
Tij(λ),

9éA��C�

(L1) p�Ý
�i, j ü�, ��um¦�
Pij ,

(L2) òü λ ∈ R×¦�Ý
1i�, ��um¦�
Di(λ),

(L3) òÝ
1i��λ�\�1j�, ��um¦�
Tij(λ).

ly3m©,�!S·�b�R´îAp���(ED, Euclidean domain),

~XR = Z ½k[X].

½n1.159. �R �ED, é?¿n×m�Ý
A, o�±ÏLÐ�1(�)C��
d1

. . .

dr

O


�/ª, Ù¥d1 | d2 | · · · | dr.
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y². dR ´ED, ·���3¼ê

ϕ : R− {0} → Z+

¦�é?¿a, b ∈ R �a 6= 0, �3q, r ∈ R ¦�b = aq + r �÷vr = 0

½ϕ(r) < ϕ(a). ·�Ø�½Âϕ(0) = 0.

XA = 0 K½nw,¤á. XA 6= 0, Ko�±ÏL��1i 191j �¦

�a11 6= 0. ·�éϕ(a11)�8B,y²Xeäó: �±ÏLéA?1Ð�C�

��Ý
Ã = (ãij) ¦�ã11|ãij é¤ki, j ¤á.

Xϕ(a11) = 1 Kaij = qija11 + rij , �rij = 0, �ÃIéA ?1Ð�C�

äó®²¤á. y3�ϕ(a11) = t ≥ 2, �b�äóé¤kϕ(a′11) < t �Ý


A′ = (a′ij) �a
′
11 6= 0 þ¤á. Xa11 - ai1, Kai1 = qi1a11 + ri1, ϕ(ri1) < t.

éA �ügÐ�1C�(�¦T1i(−qi1) 9Pi1), K���Ý
Ã = (ãij) ¥, ÷

vϕ(ã11) = ϕ(ri1) < t. d8Bb�äó�y. ÓnXa11 - a1j , äó�¤

á. y3b�a11 | ai1 �a11 | a1j é¤ki, j ¤á. ÏLÐ�1(�)C�, �

�ai1 = a1j = 0 é¤ki, j > 1 ¤á. Xa11 - aij , -aij = qija11 + rij . K��

C�(m¦T1j(1)), 2�1C�(�¦T1i(−qij)), ,�2�1C�(�¦P1i), K

���Ý
Ã = (ãij) ¥÷vϕ(ã11) = ϕ(rij) < t. d8Bb�äó�y.

däó, A²Ð�1(�)C����Ã = (ãij)�ãij ´ã11��ê,-ãij =

q̃ij ã11,éÃ�Ð�1C�(�¦T1i(−qi1))Ú�C�(m¦T1j(−q1j)),��Ý


Ã =

(
ã11 0

0 Ã1

)

�Ã1 ¥¤k��þ´ã11 ��ê. ·�2�8B,=�A²Ð�1(�)C��

¬C¤Xe/ª

A′ =


d1

. . .

dr

O

 , d1 | d2 | · · · | dr.

½n�y.

5P. d½n 1.159N´wÑ, EDþ��_
þ´Ð�Ý
�¦È,ù��þ

�_
��¹´���.

½n1.160. �R �ED, M ´k�)¤R-�, A �Ù)¤Ý
. eA ²LÐ

�C���¤�dIO/Ý


A′ =


d1

. . .

dr

O

 .
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K

M ∼= Rn−m ⊕R/(d1)⊕ . . .⊕R/(dr).

�{d1, . . . , dr} T�M �ØCÏf.

e¡·��Ñk[x]-�M ���Ly.

�V ´k-�5�m, Ä´{e1, . . . , en}. �T : V → V ´�5C�, A ´T

3Ä{e1, . . . , en} e�Ý
. £Ák[x]-�V T , =dXeê¦

k[x]× V → V, (f(x), v) 7→ f(T )v

û½��.

-V [x] = {
∑
i≥0

xivi | vi ∈ V }, Ùþê¦�

k[x]× V [x] −→ V [x], (xi,
∑
j≥0

xjvj) 7−→
∑
j≥0

xi+jvj .

KV [x] ´d{e1, . . . , en} )¤�gdk[x]-�.

½n1.161. ·�k�Ü�

0 −→ V [x]
λ−→ V [x]

π−→ V T −→ 0,

Ù¥

λ(xiv) = xi+1v − xiT (v), π(xiv) = T i(v),

�λ 3Ä{e1, . . . , en} e�Ý
´xI −A.

y². (1) kyπ ´÷�: T 0(v) = v = π(v).

(2) Ùgπ ◦ λ(xiv) = π(xi+1v) − π(xiT (v)) = T i+1(v) − T i(T (v)) = 0.

�imλ ⊆ kerπ.

(3) eu =
m∑
i=0

xivi ∈ kerπ, K
m∑
i=0

T i(vi) = 0, �u =
m∑
i=0

(xivi − T i(vi)).

�xivi − T i(vi) =
i−1∑
j=0

λ(xi−1−jT j(vi)) ∈ imλ, �imλ = kerπ.

(4)��y²λ´ü�. �u =
m∑
i=0

xivi ∈ kerλ. Xu 6= 0,KØ��xmvm 6=

0, �xm+1vm 6= 0. ¤±0 = λ(u) =
m∑
i=0

(xi+1vi − xiT (vi)) = xm+1vm −

xmT (vm) +
m−1∑
i=0

(xi+1vi − xiT (vi)) 6= 0. gñ! �u = 0, =λ ´ü�.

íØ1.162. A ÚB �q��=�xI −A �xI −B �-.

y². XA ÚB �q, w,kxI −A �xI −B �-.

��, exI −A �xI −B �-, Ø��

xI −B = P (xI −A)Q.
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��5C�T1 : V → V 3Ä{e1, . . . , en} edÝ
A�Ñ, T2 3Ä{e1, . . . , en}
edÝ
B �Ñ. K·�k1�Ü��ãL

0 // V [x]
λT1 //

Q−1

��

V [x]
πT1 //

P

��

V T1 //

��

0

0 // V [x]
λT2 // V [x]

πT2 // V T2 // 0

duãLcü�þ´Ó�, �·���V T1 �V T2 �Ó�N�. d·K1.9, A

�B �q.

dÝ
xI −A �¤�dIO.=�

íØ1.163 (�m©)½n). ��k[x]-�,

V T ∼= k[x]/(c1)⊕ . . .⊕ k[x]/(cr),

ùp:

(1) c1 · · · cr �u�"~ê¦±A �A�õ�ªdet(xI −A).

(2) cr ´A ���õ�ª.

(3) {c1, . . . , cr} ´A �ØCÏf.

S K

e¡SK¥·�Ñb�R´���.

SK1.1. �X ´�M �f8. y²X ¤)¤�f�〈X〉 ´¤k�¹X �f
���.

SK1.2. �R ´���, J ´R�n�. éuR-�M , y²M/JM 3ê¦

(r + J)(m+ JM) = rm+ JM

e´R/J-�. ddíÑXJJM = {0}, KM g�´R/J-�; AO/, XJJ

´R �4�n��JM = {0}, KM ´R/J þ��5�m.

SK1.3. �A, B ÚA′ ´M �f�. y²: XA′ ⊆ A, KA ∩ (B + A′) =

(A ∩B) +A′.

SK1.4. éuR-�M , y²

ϕM : HomR(R,M) −→M, f 7−→ f(1)

´R-Ó�.
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SK1.5. �A ´B �f�. XA �B/A ´k�)¤�, KB �´k�)¤

�. ù�·K�L5´Ä�(?

SK1.6. �R ��, f(x) ∈ R[x] ´gê�n �Ä�õ�ª. y²R[x]/(f) ´

�n �gdR-�.

SK1.7. XS�0→M → 0 ´�Ü�, y²M = 0.

SK1.8. � A
f→ B

g→ C ´�Ó�S�. y²gf = 0 ��=�im f ⊆ ker g.

�Ñ����Üù��S��~f.

SK1.9. �0 → A → B → C → 0 ���á�Ü�. XM �?¿�, y²�

3�ÜS�

0→ A⊕M → B ⊕M → C → 0

9

0→ A→ B ⊕M → C ⊕M → 0.

SK1.10. �Vi (0 ≤ i ≤ n) ´k��k-�5�m, 0 → V0 → V1 → · · · →
Vn → 0 ´k-�5�m�Ü�. y²:

n∑
i=0

(−1)i dimk Vi = 0.

SK1.11. XA
f→ B → C

h→ D���Ü�, y²f �÷���=�h �ü�.

SK1.12. �A
f−→ B

g−→ C
h−→ D

k−→ E ´��Ü�. y²: �3á�Ü�

0 −→ coker f
α−→ C

β−→ ker k −→ 0,

Ù¥α(b+ im f) = g(b), β(c) = h(c).

SK1.13. y²�á�Ü�0 → A
i→ B

p→ C → 0 ©���=��3q : B →
A ¦�qi = 1A.

SK1.14. y²�5�má�Ü�Ñ´©��.

SK1.15. (1) y²N�ϕ : B → C �ü���=�é?¿f, g : A → B,

ϕf = ϕg �Ñf = g.

(2) y²N�ϕ : B → C �÷���=�é?¿h, k : C → D, hϕ = kϕ

�Ñh = k.

SK1.16 (¥I�{½n, Chinese Remainder Theorem). �Ai (1 ≤ i ≤ n)

´R �n�, �÷vé?¿1 ≤ i 6= j ≤ n, Ai + Aj = R. �M ´R- �. y²

N�ϕ : M →
n∏
i=1

M/AiM , m 7→ (m+AiM)1≤i≤n p�Ó�

M
/

(

n∏
i=1

Ai)M −→
n∏
i=1

M/AiM.
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SK1.17. �{Mi}i∈I ´�xR-�, éuz�i ∈ I, Ni ´Mi �f�. y²:(⊕
i∈I

Mi

)
/

(⊕
i∈I

Ni

)
∼=
⊕
i∈I

(Mi/Ni) .

SK1.18. �f : M → N , g : M → 0 Úh : 0 → N ´R-�Ó�. Á¦f�g �

íÑÚf�h �.£.

SK1.19. (1) �½R-��ÆíÑãL

A

f

��

g // C

β

��
B

α
// D,

y²Xg ´ü�, Kα ´ü�; Xg ´÷�, Kα ´÷�.

(2) �½R-��Æ.£ãL

D

β

��

α // C

g

��
B

f
// A,

y²Xf ´ü�, Kα ´ü�; Xf ´÷�, Kα ´÷�.

SK1.20. 3R-��Æ¥y²: 0 → M ′ → M → M ′′ ´�Ü���=�é?

¿R-�N , 0→ Hom(N,M ′)→ Hom(N,M)→ Hom(N,M ′′) ´�Ü�.

SK1.21 (ÊÚn, five lemma). �ÄXeR-���ãL:

M1

f1

��

// M2

f2

��

// M3

f3

��

// M4

f4

��

// M5

f5

��
N1

// N2
// N3

// N4
// N5

Ù¥1Ñ´�Ü�. y²:

(1) XJf1 ´÷�, f2�f4 ´ü�, Kf3 ´ü�.

(2) XJf5 ´ü�, f2�f4 ´÷�, Kf3 ´÷�.

SK1.22. �ÑR-���ãL

M1

f1

��

// M2

f2

��

// M3
// M4

f4

��

// M5

f5

��
N1

// N2
// N3

// N4
// N5

�~f,Ù¥¥1Ñ´�Ü�, f1, f2, f4 Úf5 ´Ó�,�Ø�3N�f3 : M3 →
N3 ¦�ãL��.
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SK1.23. �ÄXeR-���ãL:

A′

��

// A

��

// A′′

��

// 0

B′

��

// B

��

// B′′

��

// 0

C ′

��

// C

��

// C ′′

��

// 0

0 0 0

Ù¥1��Ñ´�Ü�. y²:

(1) XJA′′ → B′′ ÚB′ → B ´ü�, KC ′ → C ´ü�.

(2) XJC ′ → C ÚA→ B ´ü�, KA′′ → B′′ ´ü�.

SK1.24. y²Ó��½´V�. y²38Ü�ÆSets¥, V��´Ó�.

SK1.25. �A ´C���Æ. A �óE/�ÆC(A) Xe�Ñ:

• C(A)�é�´óE/A• = (· · · → Ai−1 di−1−−−→ Ai
di−→ Ai+1 → · · · ), Ù

¥di ◦ di−1 = 0 é¤ki ∈ Z ¤á.

• C(A) ���f : A• → B• ´��xf = (fi)i∈Z, fi : Ai → Bi, fi+1di =

difi.

y²C(A) �´C���Æ.

SK1.26. �V ´k-�5�m, V ∗ ´§�éó�m. y²: ¼fV 7→ V ∗ ´

�C�Ü¼f.

SK1.27. 3C��+�ÆAb ¥, ½ÂG∗ = HomZ(G,Q/Z). y²:

(1) XJG ´k�C��+, KG ∼= G∗.

(2) XJ0 → A → B → C → 0 ´C��+�Ü�, K0 → C∗ → B∗ →
A∗ → 0 �´�Ü�.

SK1.28. �I ´R �n�. y²: XM ´gdR- �, KM/IM ´gdR/I-

�.

SK1.29. y²·K1.91.

SK1.30. 3C���Æ¥, y²á�Ü�0 → A
i→ B

p→ C → 0©���=

��3Ó�q : B → A ¦�qi = 1A.

SK1.31. 3C���Æ¥, �A
f−→ B → C

g−→ D ´�Ü�. y²: f ´÷�

��=�g ´ü�.
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SK1.32. (1) y²R-��Æ¥"�0´"é�.

(2) y²38Ü�Æ¥, �8´å©é�, Õ:8´ª�é�, �§vk

"é�.

SK1.33. �¤~1.67�)�.

SK1.34. y²·K1.80.

SK1.35. �R ´��, M ´gdR-�. y²: Xrm = 0, Ù¥r ∈ R m ∈
M , Kr = 0½öm = 0.

SK1.36. �R´��.

(1) y²: �I ÚJ ´R ¥�"n�, KI ∩ J 6= {0}.
(2) y²: XJn�I �´gdR-�, KI ´Ìn�.

SK1.37. y²S����Ú��´S��.

SK1.38. y²:

(1) Ý����Ú�´Ý��.

(2) Ý����Ú��´Ý��.

SK1.39. �R´��. y²:

(1) XR3R-��Æ¥´S��, KR´�.

(2) XRØ´�, KR-��Æ¥Q´Ý��q´S�����U´"�.

SK1.40. y²: �Z/6Z ��Z/6Z-�, Q´Ý��q´S��.

SK1.41. y²R-�E´S����=�éR�?¿n�I, �Ü�0 → E →
B → R/I → 0þ©�.

SK1.42. �a ∈ RØ´"Øf(=Ø�3b 6= 0, b ∈ R, ab = 0). y²: é?¿

²"R-�F , Ø�3�"�x ∈ F , ¦�ax = 0.

SK1.43. �R´��, Q´§�©ª�. y²: Q/R⊗R Q/R = 0.

SK1.44. �(m,n) = 1, ·���Z/mZ⊗Z Z/nZ = 0. éu���m Ún, k

Û(Ø?

SK1.45. �M, N ´²"�. y²M ⊗N�´²"�.

SK1.46. �R´��. y²²"R-�Ñ´ÃÛ�.

SK1.47. �f : R → S ����m�Ó�, M´R-�, N´S�(�N�3g

,R-�(�, P�NR). y²�3;�Ó�:

HomS(S ⊗RM,N) ∼= HomR(M,NR).
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SK1.48. �k ´�, f(x)´kþØ��õ�ª, α ´f(x) ����. y²: é

uk ��*Ük′, ·�kk(α)⊗ k′ ∼= k′[x]/(f(x)).

SK1.49. �R ´��, 0→ M ′ → M → M ′′ → 0 ´�Ü�. y²: eM ′ �

Ø½öM ′′ ÃÛ, K0→M ′tor →Mtor →M ′′tor → 0 �´�Ü�.

SK1.50. �k´�, R = k[x, y] ´kþ��õ�ª�, I = (x, y) ´R ¥�n

�.

(1) ¦I/I2 �(I/I2)⊗R (I/I2) ��R-��(�.

(2) y²x⊗ y − y ⊗ x ∈ I ⊗R I �".

(3) Á¦x⊗ y − y ⊗ x �"zf, ly²I ⊗R I Ø´ÃÛ�.

(4) y²I Ø´²"R-�.

SK1.51. �G =
∏
p
Z/pZ �¤k��Z/pZ = Fp( =p L¤k�ê) ��È.

(1) y²: Gtor =
⊕
p
Z/pZ.

(2) y²: G/Gtor ´�Ø+.

(3) y²: HomZ(Q, G) = 0 �HomZ(Q, G/Gtor) 6= 0, ddy²G/Gtor Ø

´G ��Ú�.

SK1.52. �R ´PID, M ´R�Û�. y²:

HomR(M,M) ∼=
∏
P

HomR(MP ,MP ),

Ù¥MP´M�PO�Ü©.

SK1.53. �V�2�Fp�5�m. y²V�¤k1�f�m�8Ü�P1(Fp) =

(F2
p−{(0, 0)})/ ∼��éA, Ù¥�d'X(x, y) ∼ (x′, y′) ´��30 6= λ ∈ Fp
¦�(x′, y′) = (λx, λy).

SK1.54. �M ´k�)¤C��+, y²\{+EndZ(M) �´k�)¤C

��+.

SK1.55. �V´5�¢�m, �ÏL�5C�T : V → V¤�R[x]-�. �ÑV

��R[x]-��(�.

SK1.56. �R ´PID, p´R���, M´R�Û�. y²: ep ∈ ann(m)é,

�0 6= m ∈M¤á, Kann(M) ⊆ (p).

SK1.57. �R´PID.

(1) XA, B, C ´k�)¤R�, A⊕B ∼= A⊕ C, y²B ∼= C.

(2) XA, B´k�)¤R�, A⊕A ∼= B ⊕B, y²A ∼= B.
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SK1.58. �R´PID, M ´R�. f�S ⊆ M¡�Xf�´�é?¿r ∈ R,
þkS ∩ rM = rS.

(1) Xp��"��, M´O�(p)-�, y²S´M �Xf���=�é¤

kn ≥ 0, S ∩ pnM = pnS.

(2) y²M��Ú�´M �Xf�.

(3) y²M�Ûf�Mtor´M �Xf�.

(4) y²XJM/SÃÛ, KS´M �Xf�.

(5) �X´M�Xf��¤�8Üx, �÷v^�: S, S′ ∈ X, KS ⊆ S′

½öS′ ⊆ S. y²
⋃
S∈X S´M �Xf�.

SK1.59. �R´PID, M ´k�)¤R-�. y²S´M �Xf���=�S

´M��Ú�.

SK1.60. �R´PID, P = (p) ´R ����"�n�, kP = R/P ´Ùû�.

éuR-�M , ½ÂM [p] = {m ∈M | pm = 0}. éun ≥ 0, ½Â

VP (n,M) = dimkP

(
pnM ∩M [p]

pn+1M ∩M [p]

)
.

(1) y²XJM ´k�)¤�, KUP (n,M) = VP (n,M).

(2) XJM ÚN ´/XR/P e�Ì����Ú, y²M ∼= N ��=�é

?¿n, VP (n,M) = VP (n,N).

SK1.61. �k ´�, M ´k�)¤k[x]-Û�. XJM��´(x− 1)3(x+ 1)2,

Á¦M �¤k�U(�, ¿�Ñ§�Ð�Ïf|ÚéA�ØCÏf.



1�Ù ���êÐÚ

�ÙÑy��þ´¹N���. éu�R, R×´�§�¦{ü +, R �

�ÌSpecR ´R¥¤k�n��¤�8Ü, R �4�ÌMaxR ´R ¥¤k4

�n��¤�8Ü.

§2.1 ìA�, ìA�, CÉ��CÉ�

§2.1.1 ìA��ìA�

½Â2.1. X���R�¤kn�þ´k�)¤�,K¡R´ìA�(Noetherian

ring).

·K2.2. �R ´���. Ke�^��d:

(1) R ÷v,ó^�(Ascending Chain Condition, {¡ACC), =R¥�n

�,ó

I1 ⊆ I2 ⊆ · · · ⊆ In ⊆ · · ·

7½, �Ò´`�3�êN , �n ≥ N �, In = IN .

(2) R ÷v4�5^�(Maximality Condition), =dR ¥n��¤�?¿

��n�8ÜxF þk4��, =�3I0 ∈ F ¦�é?¿I ∈ F , I 6= I0, þ

kI0 * I.

(3) R ´ìA�.

y². (1)⇒ (2)�F ��.XJF vk4��,?�I1 ∈ F ,��3I2 ∈ F ,¦

�I1 $ I2;2�I3 ∈ F ,¦�I2 $ I3;�daí,ù�·���Ã¡�Ø½n

�,ó

I1 $ I2 $ I3 $ · · · $ In $ In+1 $ · · · ,

�R÷vACC gñ.

(2) ⇒ (3) éuR ¥?¿n�I, -F �¤k�¹3I ¥�k�)¤n�
�¤�8Üx, w,0 ∈ F 6= ∅, ��34��M ∈ F , M ⊆ I�k�)¤n

�. X�3a ∈ I, a /∈M , KI ⊇M + 〈a〉 'M , M + 〈a〉 �´k�)¤�, ù

�M ´4��gñ, �M = I, =I ´k�)¤�.

(3)⇒ (1) -J =
⋃
n≥1 In, KJ ´k�)¤�. PJ = 〈a1, · · · , aq〉. �ai ∈

Ini . -N = max{ni| i = 1, · · · , q}, KJ ⊆ IN , =J = IN .

~2.3. ·��Ñ�
ìA�Ú�ìA��~f:

(1) ?¿�k Ñ´ìA�, §�kü�n�: (0) Ú(1).

(2) Ìn���Ñ´ìA�, AO/, �ê�Z Ú�þ�õ�ª�k[x] ´

ìA�.

(3) �k ´�. õ�ª�k[xi]i∈I , Ù¥�I8I ��Ã�, Ø´ìA�.

61
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(4) �k ´�. õ�ª�k[x, y] �f�k + xk[x, y] Ø´ìA�.

(5) «m[a, b] þ¤k¢�ëY¼ê�¤��C([a, b]) Ø´ìA�.

(6) Ã�8X�Z/2Z�¼ê�N�¤��Ø´ìA�.

íØ2.4. �R �ìA�, I ´R �ýn�, K�34�n�m, m ⊇ I. AO

/, ìA��4�n��3.

y². -F = {J�R �ýn��J ⊇ I}, KI ∈ F , �F ��. -m ´F ¥�
4��, Km ´R �4�n�.

íØ2.5. �R �ìA�, I ´R �ýn�, Kû�R/I �´ìA�.

y². d��éA½n, R/I ¥�n�J̄ þkJ/I �/ª,Ù¥J ´R¥�¹I

�n�. duJ ´k�)¤�, g,J̄ �´k�)¤�.

½n2.6 (F�ËAÄ½n, Hilbert Basis Theorem). XR ´ìA�, K§�õ

�ª�R[x] �´ìA�.

y². �I ´R[x]¥�n�.eI Ø´k�)¤�,�0 6= f0 ∈ I �Ùgê�$,

�f1 ∈ I−〈f0〉�Ùgê�$,�daí,é?¿n,�fn+1 ∈ I−〈f0, f1, · · · , fn〉
�Ùgê�$. -di = deg fi, Kd0 ≤ d1 ≤ · · · ≤ dn ≤ · · · . -an �fn �Ä�
Xê, K

(a0) ⊆ (a0, a1) ⊆ · · ·

�R ¥�n�,ó. �Ù3N ?½, �éun ≥ N , þk

an+1 ∈ (a0, a1, · · · , an),

=�3r0, · · · , rn ∈ R,

an+1 = r0a0 + r1a1 + · · ·+ rnan.

-

f∗n+1 = fn+1(x)−
n∑
i=0

xdn+1−dirifi(x)

Kf∗n+1 ∈ I − 〈f0, f1, · · · , fn〉, �

deg f∗n+1 < dn+1 = deg fn+1

gñ.

5P. þãy²´��E5�, ·�e¡�Ñ���E5�y².
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F�ËAÄ½n��E5y². �I ´R[x]�?¿n�.-J ´I ¥���Ä

�Xê)¤�R�n�. §´k�)¤�, ���J = 〈a1, · · · , am〉. �fi ∈ I
¦�fi �Ä�Xê�ai, -d0 = max{deg fi | i = 1, · · · ,m}. éud ≤ d0, -Jd

�I ¥¤kgê�d �õ�ª�Ä�Xê)¤�n�, KJd = 〈bd,1, · · · , bd,nd〉
�´k�)¤�. éz�bd,j , �gd,j ∈ I, Ùgê�d, Ä�Xê�bd,j , KI =

〈fi, gd,j | 1 ≤ i ≤ m, 0 ≤ d ≤ d0, 1 ≤ j ≤ nd〉 ´k�)¤�.

íØ2.7. �R �ìA�, Kn �õ�ª�R[x1, · · · , xn] �´ìA�. AO/,

(1) �kþ�n�õ�ª�k[x1, · · · , xn],

(2) �ê�Zþ�n�õ�ª�Z[x1, · · · , xn],

(3) k[x1, · · · , xn]�û�k[x1, · · · , xn]/I,

(4) Z[x1, · · · , xn]�û�Z[x1, · · · , xn]/I

þ´ìA�.

e¡·�0�ìA�.

·K2.8. �R ´���, M´R �, Ke�^��d:

(1) M �f�Ñ´k�)¤�.

(2) ,ó^�(ACC)¤á, =M �?¿f�,ó

M1 ⊆M2 ⊆ · · · ⊆Mn ⊆ · · ·

7½, =�3�êN , éun ≥ N þkMn = MN .

(3) 4�5^�¤á, =M �f��¤���8ÜxF þk4��, =

�3N ∈ F , N * N ′ é?¿�N ′ 6= N ¤á.

y². y²�ìA��d½Â�y²��, d?lÑ.

½Â2.9. R �M ¡�ìA�´�§÷vcã·K��d^�.

~2.10. XR ´ìA�, KR ��g���´ìA�. ��½,.

e¡?ØìA��5�.

·K2.11. e�5�¤á:

(1) eM´ìA�, KM�f�Úû�Ñ´ìA�.

(2) ��, e0 → M ′ → M → M ′′ → 0 �Ü, M ′�M ′′Ñ´ìA�, KM

�´ìA�.

y². (1) eN ´M �f�, N ′ ´N �f�, KN ′ �´M �f�, �§´k

�)¤�, ¤±N´ìA�.

éuM ′ �M/N �f�, d��éA½n, �3N ⊆ M ′ ⊆ M ¦�M ′ =

M ′/N . duM ′ ´k�)¤�, �M ′ �´k�)¤�, ¤±M/N ´ìA�.
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(2) �N ´M �f�, N ′ = N ∩M ′, N ′′ = N/N ′ ∼= (N +M ′)/M ′ ⊆M ′′,
�·�k1�Ü���ãL

0 // N ′� _

��

// N� _

��

// N ′′� _

��

// 0

0 // M ′ // M // M ′′ // 0.

duM ′ �M ′′ ´ìA�, N ′ �N ′′ þ´k�)¤�, �N �´k�)¤�,

¤±M ´ìA�.

íØ2.12. ìA��k��È�´ìA�.

íØ2.13. XM = N +N ′, N �N ′ þ´ìA�, KM �´ìA�.

y². duN �N ′ þ´ìA�, �N ×N ′ �´ìA�, �Ó�

N ×N ′ −→M,

(n, n′) 7−→ n+ n′

´÷Ó�, �M ��N ×N ′ �û��´ìA�.

íØ2.14. �R ´ìA�, M ´k�)¤R �, KM ´ìA�.

y². �M = 〈x1, · · · , xn〉, K�Ó�

f : Rn →M, (r1, · · · , rn) 7→ r1x1 + · · ·+ rnxn

´÷Ó�, �M ��ìA�Rn �û�´ìA�.

§2.1.2 CÉ��CÉ�

�AuìA��ìA�,·��±Ú\CÉ�(Artinian ring)�CÉ�(Artinian

module) �Vg.

½Â2.15. �R ����.

(1) R¡�CÉ�,´�§÷vüó^� (Descending Chain Condition,{

¡DCC), =R �n�üó

I1 ⊇ I2 ⊇ · · · In ⊇ · · ·

o½, =�3�êN , �n ≥ N�, In = IN .

(2) R �M ¡�CÉ�, ´�§÷vüó^�, =§�f�üó

M1 ⊇M2 ⊇ · · · ⊇Mn ⊇ · · ·

o½.
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5P. d½Â�, �R ´CÉ�, Ò´`§��R-�´CÉ�.

·K2.16. e�^��d:

(1) M ´CÉ�.

(2) 4�5^�¤á, =M �f��¤���8Üxþk4��.

y². �ìA��/aq, d?lÑ.

~2.17. éu�k, k-�M ´CÉ���=�M ´ìA���=�M ´k�

�k- �5�m.

½n2.18. �R ´CÉ�, K

(1) �R ¥�kk�õ�4�n�, =MaxR = {m1, · · · ,mn} �k�8.

(2) û�R/m1 ∩ · · · ∩mn ∼= R/m1 × · · · ×R/mn ´k�õ����È.

(3) �R ¥��n�Ñ´4�n�. n�J = m1 ∩ · · · ∩mn ´R �¤k�
"��¤�n�nil(R), ��3��êm, ¦�Jm = 0.

(4) ·�k�Ó�

R ∼= R/mm1 × · · · ×R/mmn ,

d?R/mmi �CÉ�, �k��4�n�mi/m
m
i .

(5) CÉ�Ñ´ìA�.

y². (1)-S �R¥k�õ�4�n����¤�8Üx,KS ¥k4��,

Ø�P�m1 ∩ · · · ∩mn,Ù¥mi (i = 1, · · · , n)�4�n�.�m´R ¥�?¿

4�n�, K

m ∩m1 ∩ · · · ∩mn = m1 ∩ · · · ∩mn.

�m ⊇ m1∩· · ·∩mn. eéu¤k�i,þkmi * m,éz�i�xi ∈ mi�xi /∈ m.

�Äx = x1 · · ·xn. ��¡dxi /∈ m Ú�n��½Â=�x /∈ m, ,��¡

dxi ∈ mi =�x ∈ m1 ∩ · · · ∩mn ⊆ m,ùÒ�)
gñ. ��3i,¦�m ⊇ mi,

�§�Ñ´4�n�, ¤±m = mi. Ïdm1, · · · ,mn ´R �¤k4�n�.

(2) ùd¥I�{½ná�.

(3) dCÉ��üó^�(DCC), ·����3m > 0, ¦�Jm = Jm+i

é¤ki > 0¤á. XJm 6= 0,-S �R¥¤k÷v^�IJm 6= 0�ýn�I�

¤�8Üx. KJ ∈ S, �S 6= ∅. -I0 ´S ¥�4��. ��3x ∈ I0 ¦

�xJm 6= 0, d4�5^��I0 = (x). 2d((x)J)Jm = xJm Ú4�5^�

�(x) = (x)J . �x = xaé,�a ∈ J¤á,=x(1−a) = 0. du1−aØ3R�
?Û4�n�¥, (1−a) = R,¤±1−a´ü ,=x = 0,gñ. ��3m ≥ 1,

Jm = 0.

duJ ´�"n�, �J ⊆ nil(R) = {r | rn = 0é,�n ≥ 0¤á}. ��,

er ´�"�,�rn = 0 ∈ p, p�?¿�n�,�r ∈ pé¤k��n�p¤á.

¤±nil(R) ⊆ J .
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·�¯¢þy²
R ¥?Û�n�p ⊇ J , �§éAR/J ∼= R/m1 × · · · ×
R/mn = k1 × · · · × kn ¥����n�, �R1 × R2 �n�o´/XI1 × I2�
/ª, Ù¥I1 ´R1 �n�, I2 ´R2 �n�, �k1 × · · · × kn ��n�´k1 ×
· · · × 0× · · · × kn�/ª, ¤±p = mi ´4�n�.

(4)du
n∏
i=1

mmi ⊆
( n∏
i=1

mi

)m
⊆ Jm = 0,�R = R/

n∏
i=1

mmi
∼= R/mm1 ×· · ·×

R/mmn . d��éA½ná�R/mmi �k��4�n�mi/m
m
i . R/mmi ´C

É�de¡�·K 2.19 =�.

(5) d(4), �IyR/mm ´ìA�=�. éu0 ≤ i ≤ m− 1 ·�kR/mm

��Ü�

0 −→ mi+1/mm −→ mi/mm −→ mi/mi+1 −→ 0.

de¡�·K 2.19, ¤kmi/mm 9mi/mi+1 þ´CÉ�. �yR/mm ´ìA

�, ��y²mi/mi+1 (0 ≤ i ≤ m − 1) ´ìA�. �mi/mi+1 ��R/mm-�

´d§��R/m-�g,p��. duR/m´�,�þ�CÉ��ìA��d,

þ´��þ�k���5�m(~ 2.17), �(5)�y.

5P. d½n�, ~ 2.3 ¥(3)-(6) ��duØ´ìA�, ¤±�Ø´CÉ�.

,��¡, 5¿�

(1) ìA�Ø�½´CÉ�: �ê�Z´ìA�, �Ø´CÉ�.

(2)CÉ��±Ø´ìA�: X�p´�ê, Z-�Z[ 1
p ]/Z´CÉ�,%Ø´

ìA�.

·K2.19. �0→M ′ →M →M ′′ → 0 ´R ��Ü�, KM ´CÉ���=

�M ′ � M ′′ ´CÉ�.

y². XM ´CÉ�,ÀM ′ �M �f�,KM ′ �f�üó�´M �f�ü

ó, ��½½. ¤±M ′ ´CÉ�. �â��éA½n, M ′′ = M/M ′ �f

�üó

N1 ⊇ N2 ⊇ · · · ⊇ Nt ⊇ · · ·

éAuM �f�üó

N1 ⊇ N2 ⊇ · · · ⊇ Nt ⊇ · · · (⊇M ′),

�7½. ¤±M ′′ ´CÉ�.

�L5, �M ′ �M ′′ ´CÉ�. �

N1 ⊇ N2 ⊇ · · ·

´M �f�üó. éuz��Ni, -N ′i = Ni ∩M ′, N ′′i = (Ni + M ′)/M ′. K
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·�k1�Ü��ãL

0 // N ′i // Ni // N ′′i // 0

0 // N ′i+1
//

OO

Ni+1
//

OO

N ′′i+1
//

OO

0.

düóN ′1 ⊇ · · · ⊇ N ′i ⊇ · · · 9N ′′1 ⊇ · · · ⊇ N ′′i ⊇ · · · ½�N1 ⊇ · · · ⊇ Ni ⊇
· · · ½, ¤±M ´CÉ�.

·����Ñ�Ýk����x.

·K2.20. �M ��Ý`(M) k���=�§Q´ìA�, q´CÉ�.

y². ⇒ ´w,�.

⇐ y3�M Q´ìA�, q´CÉ�. �X ´M �¤k�Ýk��

f��8Ü. du0 ∈ X, �X ��. dìA��4�5^�, �3N ∈ X

´X�4��. �y²M = N . XØ,, �Y ´ý�¹N �¤kM �f�8

Ü. duM ∈ Y , �Y ��. dCÉ��4�5^�, �N0 ´Y¥�4��.

KN0/N´ü�, ¤±N0 k�Ýk��Ü¤�, =N0 ∈ X. ù�N �4�5

gñ.

§2.2 ÛÜz

éu���R, Rþ�¦{¹N�+S ~¡�Rþ�¦58(multiplicative

set), =S ÷v^�

(i) 1 ∈ S;

(ii) Xa, b ∈ S, Kab ∈ S.

~2.21. ·�Äk�ÑA�~��¦58�~f:

(1) S = R− {0}.
(2) S = R×, =R �¦{ü 8.

(3) S = R− p, Ù¥p ´R ��n�.

(4) ���/, S = R− p1 ∪ · · · ∪ pn, Ù¥p1, · · · , pn ´R ��n�.

Ún2.22. �½���RÚ§þ¡�¦58S. 38ÜR× Sþ½Â'X

(r1, s1) ∼ (r2, s2) ��=��3s ∈ S, ¦�s(r1s2 − r2s1) = 0.

Kd'X´�d'X.

y². g�5�é¡5w,. y3�(r1, s1) ∼ (r2, s2), (r2, s2) ∼ (r3, s3). K�

3s, t ∈ S, sr1s2 = sr2s1, tr2s3 = tr3s2. �(sts2)r1s3 = sts1r2s3 = (sts2)r3s1.

dusts2 ∈ S, �(r1, s1) ∼ (r3, s3).
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½Â2.23. P(r, s) ¤3��da� r
s . ½ÂS−1R = R× S/∼ �¤k�da�

¤�8Ü.

5P. d½Â, r1
s1

= r2
s2
��=��3s ∈ S, s(r1s2 − r2s1) = 0.

AO/, X0 ∈ S, K r
s = 0

1 é¤kr ∈ R, s ∈ S ¤á. �d�S−1R = {0}.

±e·�b�0 /∈ S. ·�3S−1R þ½Â\{Ú¦{$�Xe:

r1

s1
+
r2

s2
=
r1s2 + r2s1

s1s2
,

r1

s1
· r2

s2
=
r1r2

s1s2
.

g,I�u�ù��½Â´û½Â�. X r′1
s′1

= r1
s1

,
r′2
s′2

= r2
s2

, K�3s, t ∈ S,

s(r′1s1 − r1s
′
1) = t(r′2s2 − r2s

′
2) = 0. -s′ = st, Ks′(r′1s1 − r1s

′
1) = s′(r′2s2 −

r2s
′
2) = 0. ¤±

s′((r1s2 + r2s1)s′1s
′
2 − (r′1s

′
2 + r′2s

′
1)s1s2)

= s′r1s
′
1s2s

′
2 + s′r2s

′
2s1s

′
1 − s′r′1s1s2s

′
2 − s′r′2s2s1s

′
1

= (s′r1s
′
1 − s′r′1s1)s2s

′
2 + (s′r2s

′
2 − s′r′2s2)s1s

′
1 = 0,

s′(r1r2s
′
1s
′
2 − r′1r′2s1s2) = s′r′1s1r2s

′
2 − s′r′1r′2s1s2

= s′r1s1r
′
2s2 − s′r′1r′2s1s2 = 0.

�
r1s2 + r2s1

s1s2
=
r′1s
′
2 + r′2s

′
1

s′1s
′
2

,
r1r2

s1s2
=
r′1r
′
2

s′1s
′
2

.

·K2.24. 8ÜS−1R 3þã\{Ú¦{e�¤¹N���, Ù"��0 = 0
1 ,

N�´1 = 1
1 . N�

ϕS : R→ S−1R, r → r

1

´�Ó�, òSN�ü +(S−1R)×¥, �÷v^�:

(1) eR ���, KϕS ´üÓ�, d�S−1R �´��.

(2) XS = R×, KS−1R = R.

y². Ó�ϕS�ØkerϕS = {r ∈ R | r1 = 0
1} = {r ∈ R | rs = 0é,�s ∈

S¤á}. ��R ����, du0 /∈ S, kkerϕS = 0. Ù¦�/´�.

½Â2.25. �S−1R¡�R 3S?�ÛÜz(localization).

~2.26. �R ����. éu0 6= f ∈ R, PSf = {fn}n≥0, d?f0 = 1. KSf

´R �¦58. PRf = S−1
f R. Xf ��"�, KRfn = 0 é¤k��ên¤

á. Xf Ø´�"�, ·�k�Ó�

Rf ∼= Rfn .
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½n2.27 (��ÛÜz�5�). �f : R→ A ��Ó��f(S) ⊆ A×. K�3

����Ó�g : S−1R→ A ¦�f = g ◦ ϕS, =k��ãL

R
f //

ϕS ""

A

S−1R.

g

<<

y². éu r
s ∈ S−1R, ½Âg( rs ) = f(r)f(s)−1. X r

s = r′

s′ . K�3s1 ∈ S,

s1rs
′ = s1r

′s. ¤±

f(s1)f(r)f(s′) = f(s1)f(r′)f(s).

df(S) ∈ A× �f(r)f(s)−1 = f(r′)f(s′)−1. =g ´û½Â�. ½nÙ¦Ü©�

y²´u�.

5P. ·��±^�ÆØ��ó5#£ã�eþã½n. ½Â�ÆC Xe:

C ¥é�´�Ó�f : R → A �÷v^�f(S) ⊆ A×, C ���´�Ó�h :

A→ B, ¦�ãL

R
f //

g
��

A

h��
B

��. K½n=´`ϕS : R→ S−1R ´�ÆC �©é�.

~2.28. �R ���, S = R − {0}. KS−1R =R �©ª�K. §÷vXe�

5�: é?¿�L Ú��üÓ�f : R → L, �3����i\g : K → L, ¦

�f = gϕS .

y3�R ����, 0 /∈ S �R þ�¦58, M �R �. 38ÜM × S þ
½Â'X

(m1, s1) ∼ (m2, s2) ��=��3 s ∈ S, s(s1m2 − s2m1) = 0.

K∼ ´M × Sþ��d'X. �Ù�da8Ü�S−1M , (m, s) ¤3��da

P�m
s . �S−1R ��/aq, �±3S−1M þ½Â\{

m1

s1
+
m2

s2
=
s2m1 + s1m2

s1s2
.

§��L��À�Ã'. ddS−1M �¤C��+. ½ÂN�

S−1R× S−1M −→ S−1M,
(r
s
,
m

s′

)
7−→ rm

ss′
.
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Ó�ù´û½Â�. ¿�§÷vê¦�Ä�5�: ð��, (ÜÆÚ©�Æ.

�3d¿Âe, S−1M �¤S−1R-�. �?�Ú/, R-�Ó�f : M → N p

�S−1R-�Ó�

S−1f : S−1M → S−1N,
m

s
7→ f(m)

s
.

éu�S−1M , ½ÂR-ê¦�

r · m
s

= ϕS(r) · m
s

=
rm

s
,

KS−1M�¤R-�, N�

ϕS : M → S−1M, m 7→ m

1

´R-�Ó�, ÙØker (ϕS) = {m ∈M | sm = 0 é,� s ∈ S ¤á}.
���ÛÜz�5�aq, kXe��ÛÜz�5�:

½n2.29 (��ÛÜz�5�). �M´R-�, N´S−1R-�. XJf : M →
N´R-�Ó�, K�3���S−1R-�Ó�g : S−1M → N ¦�f = g ◦ϕS, =
k��ãL

M
f //

ϕS ##

N

S−1M.

g

;;

y². éum
s ∈ S

−1M , ½Âg(ms ) = 1
sf(m). ���yg(ms ) ��L�À�Ã

', 2�yg´S−1R-�Ó�=�.

íØ2.30. N�S−1M → S−1R⊗RM , ms 7→
1
s ⊗m´S

−1R-�Ó�.

·K2.31. ¼f(M 7→ S−1M) ´R-��S−1R-���Ü¼f. =e0→M ′
f→

M
g→ M ′′ → 0 ´R-��Ü�, K0→ S−1M ′

S−1f−−−→ S−1M
S−1g−−−→ S−1M ′′ → 0

´S−1R-��Ü�.

y². PS−1f = f∗, S
−1g = g∗. ·��yf∗ ´ü�, g∗ ´÷��im f∗ =

ker g∗.

(1) Xf∗(
m′

s ) = f(m′)
s = 0

1 , K�3s1 ∈ S, s1f(m′) = f(s1m
′) = 0. df ´

ü��s1m
′ = 0. ¤±m′

s = s1m
′

s1s
= 0, =f∗ ´ü�.

(2) �m′′

s ∈ S
−1M , dg ´÷���3m ∈ M , g(m) = m′′, ¤±g∗(

m
s ) =

m′′

s , =g∗ ´÷�.

(3) dg∗f∗(
m′

s ) = gf(m′)
s = 0 �im f∗ ⊆ ker g∗. ,��¡, em

s ∈ ker g∗,

K g(m)
s = 0. ��3s1 ∈ S, s1g(m) = g(s1m) = 0. ¤±s1m ∈ ker g = im f .

-f(m′) = s1m, K

f∗(
m′

s1s
) =

s1m

s1s
=
m

s
∈ ker g∗.

�im f∗ = ker g∗.
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íØ2.32. S−1R´²"R-�.

�I ´R �n�. dÛÜz¼f��Ü5�

S−1I =
{r
s
| r ∈ I, s ∈ S

}
⊆ S−1R

´S−1R �n�.

�L5, -J ´S−1R ¥�n�, -

Jc = ϕ−1
S (J) =

{
r ∈ R | r

1
∈ J

}
.

KJc ´R ¥n�. 5¿�X r
s ∈ J , K r

1 ·
1
s ∈ J �

r
1 ∈ J , �r ∈ Jc. ,��¡

Xr ∈ Jc, K r
s = r

1 ·
1
s 

r
1 ∈ J �

r
s ∈ J . ÏdS−1Jc = J .

o(�e, =kXe·K

·K2.33. �I ´R ¥�n�, J ´S−1R ¥�n�, K

(1) S−1I ´S−1R ¥�n�, �÷v

(i) S−1(I1 +I2) = S−1I1 +S−1I2, S
−1(I1I2) = S−1I1 ·S−1I2 �S−1(I1∩

I2) = S−1I1 ∩ S−1I2.

(ii) �3g,�Ó�S−1(R/I) ∼= S−1R/S−1I. �?�Ú/, XI1 ⊆ I2,

K�3g,�Ó�S−1(I1/I2) ∼= S−1I1/S
−1I2.

(2) Jc ´R ¥�n��J = S−1Jc.

5P. ·�w,kI ⊆ (S−1I)c, ������¹'X��Ø¤á. XI ´R �

ýn��S ∩ I 6= ∅, KS−1R = S−1I.

½Â2.34. éu�R¥�n�I, S−1I ¡�§�*Ün� (extension). éu

�S−1R ¥�n�J , Jc ¡�§�Â n� (contraction).

½n2.35. N�

{R¥�SØ����n�} −→ {S−1R¥��n�}

p 7−→ S−1p

´��éA, Ù_N�´q 7→ qc.

y². ·�Äky²ep´R¥��n��p∩S = ∅,KS−1p 6= S−1R´S−1R

¥��n�. e a
s1
, bs2 /∈ S−1p, Ka /∈ p �b /∈ p, �ab /∈ p. X ab

s1s2
= c

s ∈ S
−1p,

K�3s′ ∈ S, ss′ab = s′s1s2c ∈ p. �s′, s �ab þØ3p ¥, Ø�U. =S−1p

´�n�. X1 = a
s ∈ S

−1p, K�3s′ ∈ S, ss′ = s′a ∈ p, Ø�U. ¤±S−1p 6=
S−1R.

Ùg, eq ´S−1R ¥�n�, ·�y²qc ´R ¥��n�. Xr1, r2 /∈ qc,

K r1
1 ,

r2
1 /∈ q, = r1r2

1 /∈ q, �r1r2 /∈ qc.

·���y²ep ∩ S = ∅, K(S−1p)c = p. ��¡p ⊆ (S−1p)c ´w,

�. ,��¡, Xa
s = r

1 ∈ S
−1p, K�3s1 ∈ S, rss1 = s1a ∈ p. dus, s1 /∈ p,

�r ∈ p, �(S−1p)c = p.
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·K2.36. eR ´ìA�, KS−1R �´ìA�.

y². �J ⊆ S−1R,KJc ´R¥n�.§´k�)¤n�,ÏdJ = S−1Jc �

´k�)¤�. ¤±S−1R ´ìA�.

·K2.37. �M,N ´R �. K

(1)XM,N ´R-�L�f�. KS−1(M+N) = S−1M+S−1N , S−1(M ∩
N) = S−1M ∩ S−1N , S−1L/S−1M ∼= S−1(L/M).

(2) S−1(M ⊕N) ∼= S−1M ⊕ S−1N .

(3) S−1(M ⊗R N) ∼= S−1M ⊗S−1R S
−1N .

y². (1) 3�öS.

(2) d¼f(M → S−1M) ��Ü5=�.

(3) N�

S−1M × S−1N −→ S−1(M ⊗R N),

(
m

s1
,
n

s2

)
7−→ m⊗ n

s1s2

´S−1R-�V�5N�, �p�Ó�

g : S−1M ⊗S−1R S
−1N → S−1(M ⊗R N),

m

s1
⊗ n

s2
7→ m⊗ n

s1s2
.

ùw,´÷Ó�.

,��¡, N�

S−1M × S−1N → S−1M ⊗S−1R S
−1N,

(
m

s1
,
n

s2

)
7→ m

s1
⊗ n

s2

´R-�V�5N�, �p�R �Ó�

S−1M ⊗R S−1N −→ S−1M ⊗S−1R S
−1N,

m

s1
⊗R

n

s2
7−→ m

s1
⊗S−1R

n

s2
.

·���R �Ó�

f : M ⊗R N
ϕM⊗ϕN−−−−−→ S−1M ⊗R S−1N −→ S−1M ⊗S−1R S

−1N,

m⊗R n 7−→
m

1
⊗R

n

1
7−→ m

1
⊗S−1R

n

1
.

½Â

h : S−1(M ⊗R N)→ S−1M ⊗S−1R S
−1N,

m⊗ n
s
7−→ f(m⊗ n)

s
.

N´�yh ´S−1R �Ó��g �h p_.
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·�e¡?Ø�a��ÛÜz.

�p ´R ��n�. KR− p ´¦58, -

Rp = (R− p)−1R, Mp = (R− p)−1M.

d½n 2.35, pRp = (R− p)−1p ´Rp ��n�, �eq ´Rp ��n�, Kqc ∩
(R− p) = ∅. =qc ⊆ p, q ⊆ pRp. ¤±Rp �k��4�n�pRp.

½Â2.38. X���R �k���4�n�m, K¡R �ÛÜ�(local ring).

'uÛÜ��ïÄ´���ê���SN.

·K2.39. �R ´���, Ke�^��d:

(1) R ´±m ���4�n��ÛÜ�.

(2) m = R−R× ´R �4�n�.

(3) �34�n�m, ¦�1 + m ⊆ R×.

y². (1)⇒ (2). Xa /∈ m, K(a) = R, ��3b, ab = 1, =a ∈ R×.

(2)⇒ (3) w,.

(3)⇒ (1). Xa /∈ m,K(a)+m = R. ��3ab+m = 1,�ab = 1−m ∈ R×,

¤±a ∈ R×. (a) = R. =m ´��4�n�.

·K2.40. �M´R-�. Ke¡�ã�d:

(1) M = 0.

(2) Mp = 0 é?¿R ��n�p ¤á.

(3) Mm = 0 é?¿R �4�n�m ¤á.

y². (1)⇒ (2)⇒ (3) w,. �Iy(3)⇒ (1).

eM 6= 0. -0 6= m ∈M . Km �"zf

ann(m) = {r ∈ R | rm = 0} $ R

´R �ýn�. �§�¹34�n�m ¥. Km
1 ∈Mm �

m
1 6= 0. gñ.

·K2.41. �R ´��. ÀRp �K = FracR �f�, Kk

R =
⋂

p∈SpecR

Rp =
⋂

m∈MaxR

Rm.

y². duϕp : R → Rp ´ü�. �R ⊆
⋂
p
Rp ⊆

⋂
m
Rm. �a ∈

⋂
m
Rm. -Ia =

{d ∈ R | da ∈ R}. KIa ´R �n�, �a ∈ R⇔ Ia = (1). ea /∈ R. -m ��

¹Ia ���4�n�. dua ∈ Rm, �a = r
d é,�r ∈ R Úd ∈ R −m ¤á.

¤±da = r ∈ R, ld ∈ Ia ⊆ m, gñ. �
⋂
m
Rm = R.
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§2.3 �5

½Â2.42. �R ´�S �f�.

(1) ��s ∈ S ¡�3R þ�(integral over R)´��3Ä�õ�ªf(x) ∈
R[x], ¦�f(s) = 0.

(2) XS ¥¤k��þ3R þ�, K¡S 3R þ�, ½¡S ´R ��*

Ü(integral extension).

(3) R 3S ¥��4�(integral closure)´�S ¥¤k3R þ�����

8Ü.

(4)�R¡�3S ¥�4(integrally closed)´�R�u§3S ¥��4�.

��R3Ù©ª�¥��4�¡�§��5z(normalization), R¡��4´

�§3©ª�¥�4.

·K2.43. �s ∈ S, R ´S �f�. Ke�^��d:

(1) s 3R þ�.

(2) R[s] ´k�)¤R �.

(3) �3f�T 3 s, R ⊆ T ⊆ S, §��R �´k�)¤�.

y². (1)⇒ (2). �f(x) = xn + an−1x
n−1 + · · ·+ a0 ¦�f(s) = 0. K

sn = −(an−1s
n−1 + · · ·+ a1s+ a0).

d8B=�sk(k ≥ n) d1, s, · · · , sn−1 )¤. �R[s] ´d{1, s, · · · , sn−1} )¤
�R-�.

(2)⇒ (3). �T = R[s] =�.

(3) ⇒ (1). b�T��R-�dv1, · · · , vn )¤. duT ´�, Kds ∈ T

ksvi ∈ T . �

svi =

n∑
j=1

aijvj , aij ∈ R.

=
n∑
j=1

(δijs− aij)vj = 0, i = 1, · · · , n.

-A = (aij)1≤i,j≤n, B = sIn−A, v = (v1, · · · , vn)T . KBv = 0. �¦B ���

Ý
B∗ =�

B∗Bv = (detB)v = 0.

=(detB)vi = 0 éi = 1, · · · , n ¤á.

du1 ∈ R ⊆ T ,�1 = r1v1+· · ·+rnvn,·���detB = det(sIn−A) = 0.

dudet(xIn −A) ´R þn gÄ�õ�ª, ¤±s 3R þ�.
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íØ2.44. �R ´S �f�. s �t ´S ¥��. K

(1) Xs �t 3R þ�. Ks± t �st �3R þ�.

(2) R 3S ¥��4�´S ¥�¹R �f�.

(3) XR ⊆ S ⊆ T �f�. T 3S þ�, S 3R þ�, KT 3R þ�. =

�5´D4�.

y². (1)�s�t3Rþ�,KR[s]�d{s1, · · · , sn})¤, R[t]�d{t1, · · · , tm}
)¤. �R[s, t] ´d{sitj | 1 ≤ i ≤ n, 1 ≤ j ≤ m} )¤�k�)¤R �. d·

K=�§p¡¤k��Ñ3R þ�, ù�)s± t Úst.
(2) d(1) á�.

(3) �t ∈ T 3S þ�, K§´,Ä�õ�ªp(x) = xn + an−1x
n−1 +

· · · + a0 ∈ S[x] ��. duai ∈ S 3R þ�, R[ai] ´k�)¤R-�, ¤

±R[a0, · · · , an−1] ´k�)¤R-�, lR[a0, · · · , an−1][t] �´k�)¤R-

�, ¤±t 3R þ�.

íØ2.45. R 3S þ��4�3S þ�4.

½n2.46. �R ´�S �f�, �S 3R þ�.

(1) XS ´��, KR ´���=�S ´�.

(2) �p ´R ��n�, K�3q �S ��n�¦�p = q ∩ R. �?�Ú
/, p ´R �4�n���=�q ´4�n�.

(3) ( þ,½n, Going-up Theorem) Xp1 ⊆ p2 ⊆ · · · ⊆ pn ´R ¥�n�

,ó, ��3S ¥��n�,óq1 ⊆ q2 ⊆ · · · ⊆ qm, qi ∩R = pi, m < n. K�

±��d,ó, =kS ¥��n�,óq1 ⊆ · · · ⊆ qn, qi ∩R = pi.

y². (1) XR ´�, 0 6= s ∈ S, K�3ai ∈ R,

sn + an−1s
n−1 + · · ·+ a1s+ a0 = 0.

Ø��a0 6= 0. K

− 1

a0
(sn−1 + · · ·+ a1) · s = 1.

=s �_. �L5, eS ´�, 0 6= r ∈ R. Kr−1 ∈ S 3R þ�. ��

3b0, · · · , bm−1 ∈ R,

r−m + bm−1r
−m+1 + · · ·+ b0= 0.

�r−1 = −(bm−1 + · · ·+ b1r
m−2 + b0r

m−1) ∈ R.

(2) ep ´R ¥��n�. KR − p = D ´�R Ú�S ¥�¦58. ·�

k��ãL

R
ϕD //

i

��

Rp

ι

��
S

ϕD // D−1S.
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N´y²D−1S 3Rp þ�. -m´D−1S ¥?¿4�n�.Km∩Rp ´Rp ¥

�4�n�. =D−1p. �p = (ιϕD)−1(m). -q = ϕ−1
D (m). Kq ´S ¥��n

��q ∩R = p.

éu1��äó,5¿�S/q3R/pþ�. �S/q´���=�R/p´�.

=q ´4�n���=�p ´4�n�.

(3) �Iy²ep1 ⊆ p2, �q1 ∩ R = p1. K�3S ¥�q2, q1 ⊆ q2, �q2 ∩
R = p2. duS = S/q1 ´R = R/p1 ��*Ü.�d(2), �3S ¥�n�q2, ¦

�q2 ∩R = p2/p1. �q2 ���q2 =S ¥�¹q1 ��n��q2 ∩R = p2.

5P. éAþ, ½n, kXe�eü(Going-Down) ½n: XS ´��, 3Rþ

�. �p1 ⊇ p2 ⊇ · · · ⊇ pn ´R ¥�n�ó, ��3q1 ⊇ q2 ⊇ · · · ⊇ qm, m < n,

¦�qi∩R = pi. K�3qm ⊇ qm+1 ⊇ · · · ⊇ qn�S¥�n�ó¦�qi∩R = pi,

m < i ≤ n.

½n2.47. �R ´�4��, F = FracR. éuF �k��©*ÜE, R 3E

¥��4�S ´,��[E : F ]�gdR-��f�.

�y²ù�½n, ·�I�,�,/ª�½ÂÚ5�.

½Â2.48. �E/F ´k��*Ü. éuu ∈ E, -Γu : E → E ´F -�5N

�x 7→ ux. ½Âu 'uE/F �, (trace) Ú�(norm) �Γu �,�1�ª, =

trE/F (u) = tr(Γu), NE/F (u) = det(Γu).

E 'uF �,/ª(trace form) =é¡F -V�5N�

t : E × E → F, (u, v) 7→ tr(Γuv).

·K2.49. �E/F ´k��©*Ü, *Ügê�n. (1) �u ∈ E 3F þ��
�õ�ª´m(x) = xm − cm−1x

m−1 + · · ·+ (−1)mc0, K

trE/F (u) =
n

m
cm−1, NE/F (u) = c

n/m
0 .

(2) ,/ªt ´�òzV�5..

y². ·�ò3SK 2.33-2.36¥�Ñy².

½n 2.47�y². d·K 2.49(1), ·���Xu ∈ S, KtrE/F (u) ∈ R. Ùg,

éuα ∈ E, Xp(x) = xn + an−1

dn−1
xn−1 + · · · + a0

d0
´α 3F þ���õ�ª,

ai, di ∈ R, di 6= 0 (i = 0, · · · , n − 1). Kα′ = α(d0d1 · · · dn−1) ∈ S. =�

30 6= N ∈ R, Nα ∈ S.

�{e1, · · · , en}´E ��|F -Ä,Ó¦±,�"N ∈ R,·�Ø�b�ei ∈
S. d·K 2.49(2), t´�òzV�5.,·��{f1, · · · , fn}´{e1, · · · , en}�
éóÄ, =t(ei, fj) = δij . éuα ∈ S, Pα =

∑
i cifi, ci ∈ K. duαei ∈ S,
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trE/F (αei) ∈ R. ,��¡, trE/F (αei) = t(α, ei) =
∑
j cjδji = ci, �ci ∈ R.

Ïd, S ¥?Û��Ñ´fi �R-�5|Ü, =S ´d{f1, · · · , fn} )¤�g
dR-��f�.

·K2.50. �R ´��. Ke�^��d:

(1) R �4.

(2) é¤kp ∈ SpecR, Rp �4.

(3) é¤km ∈ MaxR, Rm �4.

y². (1) ⇒ (2) ·�ÀR, Rp �K = FracR �f�. XR �4, y ∈ K 3Rp

þ�. K

yn +
an−1

dn−1
yn−1 + · · ·+ a0

d0
= 0, ai ∈ R, di ∈ R− p.

�y′ = yd0d1 · · · dn−1 ´R þ��Ä�õ�ª��. �y′ ∈ R. ¤±y ∈ Rp.

(2)⇒ (3) ´w,�.

(3)⇒ (1)�y ∈ K 3Rþ�. duR ⊆ Rm. �y 3Rm þ�. ¤±y ∈ Rm

éz�m ∈ MaxR ¤á. �y ∈
⋂
m
Rm = R.

�!��·�?Ø�ê�ê�{ü5�.

½Â2.51. �K ´knê�Q �*�.

(1)��α ∈ KX3kn�ê�Zþ�,K¡α�Kþ��ê�ê(algebraic

integer).

(2) kn�ê�Z 3K þ��4�, =Kþ¤k�ê�ê�8Ü, ¡�

�K ��ê�ê�(ring of algebraic integers) ½�ê�, P�OK .

~2.52. ·�5wü�~f.

(1) knê�Q ��ê�ê�OQ =Ï~��ê�Z.

(2) -K = Q(
√
D), D �Ã²�Ïfê, ��gê�. K

OK =

Z[
√
D], XD ≡ 2, 3(mod4);

Z[ 1+
√
D

2 ], XD ≡ 1(mod4).

·K2.53. ��α ∈ K ��ê�ê��=�α ´�êê�§3Q þ���õ
�ª∈ Z[x].

y². ⇐ w,.

⇒ eα ��ê�ê. Kα w,´�êê. �Ä��Xêõ�ªf(x) ´

§���z"õ�ª. �p(x) ∈ Q[x] ´α 3Q þ���õ�ª. Kf(x) =

g(x)p(x)é,�Ä�õ�ªg(x) ∈ Q[x] ¤á. ép(x) ¦±v
���êcp ¦

�p∗(x) = cpp(x) ´Z[x] ¥���õ�ª, ég(x) ¦±v
���êcg ¦

�g∗(x) = cgg(x) ´Z[x] ¥���õ�ª, KdpdÚn�õ�ªcpcgf(x) =
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p∗(x)g∗(x)´Z[x]¥���õ�ª,�§�NÝ�u±1,��u±c(cpcgf(x)) =

±cpcg. ¤±cp = cf = ±1, p(x) = ±p∗(x) ∈ Z[x].

·K2.54. �K ´Q �k�*Ü, KOK ��Z �´gd�, ��n = [K : Q],

=K3Qþ�*Ügê.

y². duK/Q o´�©*Ü, d½n 2.47�OK ´�n�gdZ-��f�,

�§�´�≤ n �gdZ-�. ,��¡, X{e1, · · · , en} ´K ��|Q-Ä,

-0 6= N ∈ Z¦�Nei ∈ OK (i = 0, · · · , n− 1),K{Ne1, · · · , Nen})¤OK �
����n �Z-f�, �OK ���´n.

·K2.55. (1) �α ´�ê�ê, Kα ��Ý��´�ê�ê.

(2) �ε1, · · · , εn �n gü �. Xγ = ε1+···+εn
n ´�ê�ê, Kγ = 0 ½

öε1 = ε2 = · · · = εn.

y². (1) ù´Ï�d½Â, α ��Ý��α k�Ó���õ�ª.

(2) eγ 6= 0, K|γ| ≤ 1 �|γ| = 1 ��=�ε1 = ε2 = · · · = εn. -K ´γ

�©��. Kγ ��Ý��½´σ(γ) : σ ∈ Gal(K/Q) �/ª. ¤±

|σ(γ)| = |σ(ε1) + · · ·+ σ(εn)|
n

≤ 1.

�γ ��Ý��È�ýé�≤ 1.

�duγ 6= 0, γ ��Ý��È�ýé��uγ ���õ�ª~ê��ý

é�, ù´≥ 1 �. ¤±

γ 6= 0, γ ∈ OK ⇔ |γ| = |σ(γ)| = 1⇔ ε1 = ε2 = · · · = εn.

§2.4 �ªn�ÚO�n�

§2.4.1 �ªn�

·K2.56. �I ´�R �n�, K

√
I = {a ∈ R |�3 k ≥ 1 ¦� ak ∈ I}

�´R �n�, �
√
I/I ´R/I ¥�"��¤�8Ü.

y². Xa ∈
√
I, r ∈ R,Kw,kra ∈

√
I. ·���y: Xa, b ∈

√
I,Ka+b ∈

√
I.

�am ∈ I, bn ∈ I, d��ª½n

(a+ b)m+n =

m+n∑
k=0

(
m+ n

k

)
akbm+n−k,

duokk ≥ m ½m+ n− k ≥ n ¤á, �akbm+n−k ∈ I, Ïd(a+ b)m+n ∈ I.

¤±a+ b ∈
√
I. �u

√
I/I ´R/I ��"n�d

√
I �½Â=�.
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½Â2.57. �I ´�R�n�.

n�
√
I = {a ∈ R | �3 k ≥ 1 ¦� ak ∈ I} ¡�I ��ªn�(radical

ideal of I). AO/,�I = (0),K
√

(0)=R¥��"��¤�8Ü,¡�R�

�"�(nilpotent radical), ·�P��nil(R).

X
√
I = I, KI ¡��ªn�.

~2.58. �n�þ´�ªn�.

·K2.59. �I ´R �n�, K

√
I =

⋂
�n�p⊇I

p.

AO/,

nil(R) =
√

(0) =
⋂

p∈SpecR

p.

y². d·K 2.56,
√
I/I = nil(R/I), �·���ynil(R) =

⋂
p∈Spec(R)

p.

��¡, eak = 0 ∈ p, Ka ∈ p. ¤±nil(R) ⊆ p. ,��¡, ea /∈ nil(R),

K8Ü

S = {I�R¥�ýn�� I ∩ {an | n ≥ 1} = ∅}

´R ¥ýn�|¤�8Ü. du(0) ∈ S, S ´��8. -P ´S ¥�d�¹'

X�����4��. ·�y²P ´�n�. ¯¢þ, Xx, y /∈ P , �xy ∈ P ,

Kkn,m ≥ 1,

an ∈ (x) + P, am ∈ (y) + P.

¤±am+n ∈ (xy) + P = P , �P ∈ S gñ. �P ´�n�. ¤±a /∈
⋂

p∈SpecR

p.

½Â2.60. �R�ä�ÙÜ�(Jacobson radical),P�Jac(R)½örad(R),´R

¥�¤k4�n���.

~2.61. XR �CÉ�, KSpecR = MaxR = {m1,m2, · · · ,mn}. d�

Jac(R) = nil(R) = m1 ∩m2 ∩ · · · ∩mn.

·K2.62. XR �ìA�, éuI ⊆ R, �3k ≥ 1, (
√
I)k ⊆ I ⊆

√
I. AO/,

�3N ≥ 1, nil(R)N = 0.

y². ù´Ï�
√
I ´k�)¤�.

·K2.63. �J ´R �ä�ÙÜ�, K

(1) XI ´R �ýn�, K(I, J) 6= R.

(2) ��x ∈ J ��=�é¤kr ∈ R, 1− rx ∈ R×.
(3)¥ì(Nakayama)Ún: XM ´k�)¤R��JM = M ,KM = 0.
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y². (1) XI 6= R, KI ⊆ m é,�4�n�m ¤á. �

(I, J) ⊆ m 6= R.

(2) X1− rx /∈ R×, K(1− rx) ⊆ m, m �,4�n�. Xx ∈ m, K1 ∈ m,

Ø�U. ¤±x /∈ m. Ïdx /∈ J . ,��¡, ex /∈ J , K�34�n�m′, ¦

�x /∈ m′. �R = (x,m′), =1 = rx+ y é,�r ∈ R, y ∈ m′ ¤á, �1− rx =

y ∈ m′ Ø´ü .

(3) XM 6= 0, �M = (m1, · · · ,mn) �n ´���)¤��ê. dM =

JM , �

mn = r1m1 + r2m2 + · · ·+ rnmn, r1, r2, · · · , rn ∈ J.

Ïd(1 − rn)mn = r1m1 + r2m2 + · · · + rn−1mn−1. �d(2), 1 − rn ´ü ,

�mn dm1, · · · ,mn−1 LÑ, M = (m1, · · · ,mn−1). gñ.

§2.4.2 O�n�

½Â2.64. �R�n�Q¡�O�n�(primary ideal)´�Xab ∈ Q�a /∈ Q,

K�3n ≥ 1, ¦�bn ∈ Q, �ó�, =b ∈
√
Q.

O�n�kXeÄ�5�:

·K2.65. (1) �n�þ´O�n�.

(2) n�Q ´O�n���=�R/Q ¥�"Øfþ´�"�.

(3) Xn�Q ´O�n�, K
√
Q ´�n�, �§´�¹Q ����n�.

(4) Xn�Q ��ªn�
√
Q ´4�n�, KQ ´O�n�.

(5) Xm ´4�n�, mn ⊆ Q ⊆ m. KQ ´O�n��
√
Q = m.

y². (1), (2) dO�n��½Âá�.

(3) Xab ∈
√
Q, K�3n, anbn ∈ Q. ean ∈ Q, Ka ∈

√
Q; ean /∈ Q, K

�3m ≤ 1, (bn)m = bnm ∈ Q, ¤±b ∈
√
Q. �

√
Q ´�n�. du

√
I =

⋂
p⊇I

p

é¤kI ⊆ R ¤á(·K 2.59), ¤±
√
Q =

⋂
p⊇Q

p, =
√
Q ⊆ p é¤kp ⊇ Q ¤

á.

(4) d(2), ��yR/Q �"ØfÑ´�"�. 3R/Q ¥,√
Q/Q = nil(R/Q) =

⋂
p∈Spec(R/Q)

p.

e
√
Q ´R �4�n�, K

√
Q/Q ´R/Q ¥����n�Ú4�n�. Xd ∈

R/Q ´"Øf, KR/Q 6= (d) ⊆
√
Q/Q. =d ´�"�.

(5) dmn ⊆ Q ⊆ m �
√
Q ⊆

√
m = m �

√
Q ⊇

√
mn = m. �

√
Q = m.

d(4) =�Q ´O�n�.
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½Â2.66. XQ ´O�n�. ¡p =
√
Q ´Q ����n� (associated prime

ideal), �¡Q ´p-O�n�.

½Â2.67. (1) R ¥�n�I XJ´O�n���, K¡IkO�©)(primary

decomposition), ½¡

I =

m⋂
i=1

Qi, Ù¥ Qi �O�n�

�I�O�©).

(2) I �O�©)I =
m⋂
i=1

Qi ¡�4�O�©)(minimal primary decom-

position) ´�e�^�¤á:

(i) éu¤k1 ≤ i ≤ m, Qi +
⋂
j 6=i

Qj ;

(ii) é¤ki 6= j,
√
Qi 6=

√
Qj .

d�¡©)ª¥�Qi ´I �O�©þ (primary component).

½Â2.68. n�I $ R¡�Ø��n�(irreducible ideal)´�XI = J ∩K,Ù

¥J�K´R¥n�, KI = J ½I = K ¤á.

~2.69. �n�´Ø��n�.

·K2.70. �R ´ìA�, K

(1) Ø��n�´O�n�.

(2) R ¥�ýn�þ´Ø��n��k��.

y². (1) �I Ø��, ab ∈ I, �b /∈ I. -

An = {x ∈ R | anx ∈ I}.

KAn ´R ¥�n��A1 ⊆ A2 ⊆ · · · . dìA^�, ��3N > 0, AN =

AN+1 = · · · .
�J = (aN ) + I, K = (b) + I. -y ∈ J ∩K. Ky = aNz+ y′, z ∈ R, y′ ∈ I.

dab ∈ I �aK ⊆ I. �ay ∈ I. �aN+1z = ay − ay′ ∈ I. ¤±z ∈ AN+1 = AN .

¤±aNz ∈ I. �y ∈ I. ÏdJ ∩K = I.

duI Ø��, (b) + I 6= I. �J = (aN ) + I = I, �aN ∈ I. =I �O�

n�.

(2) -S = {I $ R | I Ø´Ø��n��k��}. XS 6= ∅. KdìA5
�, S ¥k4��, P�I. duI Ø´Ø���. ��3J,K, I $ J , I $ K,

I = J ∩K. �duJ /∈ S �K /∈ S. �J ÚK þ´Ø��n��k��, ù

�I = J ∩K �´Ø��n��k��. gñ.

Ún2.71. XQ1 ÚQ2 Ñ´���R �p-O�n�, KQ1 ∩Q2 �´p-O�n

�.
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y². Xab ∈ Q1 ∩ Q2, b /∈ Q1 ∩ Q2. Ø��b /∈ Q1, K�3m ≥ 1, am ∈ Q1,

=a ∈
√
Q1 = p. ·��Iy²

√
Q1 ∩Q2 =

√
Q1 ∩

√
Q2 = p.

��¡,
√
Q1 ∩Q2 ⊆

√
Q1 ∩

√
Q2 ´w,�. ,��¡, XJa ∈

√
Q1 ∩√

Q2, K�3m,n ≥ 1, am ∈ Q1, an ∈ Q2, �amn ∈ Q1 ∩ Q2, ·��

�
√
Q1 ∩Q2 ⊇

√
Q1 ∩

√
Q2.

dc¡�·KÚÚn, ·�á�kXe½n(y²3�öS)

½n2.72. �R ´ìA�. KR �z�ýn�I þk4�O�©)

I =

m⋂
i=1

Qi

�{
√
Q1,
√
Q2, · · · ,

√
Qm} dI ��û½.

·K2.73. �I = Q1 ∩ · · · ∩Qm �I ���O�©),
√
Qi = pi. K

(1) �n�p ⊇ I ⇔ �3 i, 1 ≤ i ≤ m, p ⊇ pi.

(2)
√
I =

m⋂
i=1

pi.

(3) XR ´ìA�, KI �¹k�õ��n��¦È.

y². (1) ù´Ï�p ⊇ I ⇔ p ⊇ Q1 ∩ · · · ∩ Qm ⇔ p ⊇ Qi é,� 1 ≤ i ≤
m ¤á⇔ p ⊇

√
Qi = pi.

(2)
√
I =

⋂
p⊇I

p =
m⋂
i=1

pi.

(3) duR ´ìA�, ��3k ≥ 1, ¦�(
m⋂
i=1

pi)
k ⊆ I ⊆

m⋂
i=1

pi. Ï

dpk1p
k
2 · · · pkm ⊆ I.

§2.5 ���êAÛÐÚ

§2.5.1 ���ê8

½Â2.74. �R ´���, A´�(�U���). Xi : R→ A ��Ó��R �

�i(A) �¹uA �¥%, K¡A �R-�ê (algebra) �Pr · a = a · r = i(r)a,

Ù¥r ∈ R, a ∈ A.

X�êA ���3f�i(R) þ´k�)¤�, K¡A ´k�)¤R- �

ê.

�A, B ´R-�ê. N�ϕ : A → B ¡�R- �êÓ�´�ϕ ´�Ó�

�ϕ(ra) = rϕ(a) é¤kr ∈ R Úa ∈ A ¤á.

·��Ä�k þ��ê�¹. eA ´k�)¤��k-�ê(=A ´���

Úk�)¤k-�ê), dud�i´ü�, ·�Àk �A �f�. �r1, · · · , rn )
¤A. Kdõ�ª���5�, �3��÷Ó�

ϕ : k[x1, · · · , xn] −→ A,

xi 7→ ri, a 7→ a, ∀ a ∈ k.
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Kϕ ´k-�ê÷Ó�, §p�Ó�

ϕ̄ : k[x1, · · · , xn]/I →̃ A, Ù¥ I = kerϕ.

dF�ËAÄ½n�A ´ìA�. ·�k

·K2.75. k�)¤��k-�êþÓ�uk[x1, · · · , xn]/I �/ª,§´ìA�.

½Â2.76. �k þ�n ����m (affine space) ´�8Ü

Ank = An = {(a1, · · · , an) | ai ∈ k}.

§��I�(coordinate ring)

k[An] = k[x1, · · · , xn]

´kþ�n�õ�ª�.

5¿�z�n �õ�ªf(x1, · · · , xn) ∈ k[x1, · · · , xn] þéAN�

f : An → k, (a1, · · · , an) 7→ f(a1, · · · , an).

½Â2.77. �S ´�k[x1, · · · , xn] �f8Ü. S �":8(zero locus, ";,)

½Â�

Z(S) = {a ∈ An | f(a) = 0 é?¿ f(x1, · · · , xn) ∈ S ¤á}.

XS = {f1, · · · , fm} �k�8, P

Z(S) = Z(f1, · · · , fm).

XAn �f8ÜV = Z(S)é,�S ⊆ k[An]¤á,K¡V ´���ê8(affine

algebraic set).

~2.78. (1) Z(0) = An, Z(1) = ∅.
(2) Z(x1 − a1, · · · , xn − an) = {(a1, · · · , an)} ´Õ:8.

(3) éuf ∈ k[An], deg f > 0, ¡Z(f) ´An þ��¡(hypersurface).

(4) Xn = 1, KZ(f) ´f 3k ¥�":�8Ü. Xf 6= 0, KZ(f) ´k�

8. �A1 ¥����ê8�)n«/ª: �8∅, k�:89�8Ük = A1.

·K2.79. ���ê8kXe5�;

(1) XS ⊆ T , KZ(S) ⊇ Z(T ).

(2) -〈S〉 �k[An] ¥dS )¤�n�, K〈S〉 = 〈f1, · · · , fm〉, Z(S) =

Z(〈S〉) = Z(f1, · · · , fm).

(3) ?¿õ����ê8��´���ê8: X(Si)i∈I ´An �f8Ü
x, K

⋂
i∈I
Z(Si) = Z(

⋃
i∈I

Si) �´���ê8.

(4) eI, J ´k[An] ¥�n�, KZ(I) ∪ Z(J) = Z(IJ). �k�õ���

�ê8�¿�´���ê8.

(5) Z(0) = An 9Z(1) = ∅ ´���ê8.
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d5�(2), ·�kN�

Z : {k[An] ¥�n�} −→ {An þ����ê8}

I 7−→ Z(I).

XI = 〈f1, · · · , fm〉, K Z(I) = Z(f1, · · · , fm) = Z(f1) ∩ · · · ∩ Z(fm).

�L5, �A ´An �f8. -

I(A) = {f ∈ k[An] | f(a) = 0 é?¿ a ∈ A ¤á}.

KI(A)´k[An]¥�n�,�´3Aþ���0�¤kn��4��,¡�A�

z"n�.

·K2.80. N�

I : {An ¥�f8Ü} −→ {k[An] ¥�n�}

A 7−→ I(A)

÷v^�:

(1) I(A) ´�ªn�.

(2) XA ⊆ B, KI(A) ⊇ I(B).

(3) I(A ∪B) = I(A) ∩ I(B).

(4) I(∅) = k[An], �Xk ´Ã��, KI(An) = 0.

�?�Ú/, N�Z �I kXeéX

(i) XI ´n�, KI ⊆ I(Z(I)); XA ⊆ An, KA ⊆ Z(I(A)).

(ii) XV = Z(I) ´���ê8, KV = Z(I(V )).

y². �y(ii). V ⊆ Z(I(V )) d½Âá�. ��, dI ⊆ I(Z(I)) �Z(I) ⊇
Z(IZ(I)), �V ⊇ Z(I(V )).

½Â2.81. ���mAnp����ê8V ��I� k[V ]½Â�û�k[An]/I(V ).

5P. Xk ´Ã��, V = An, KI(V ) = 0. Kþã½Â�cã½Â´���.

·�5¿�

(1) éuf ∈ k[An], �ÄN�

f : An −→ k

3V þ���f |V . K f |V = g|V ��=�f − g ∈ I(V ). �é?¿f̄ ∈ k[V ],

- f ∈ k[An] �§�����, N�

f̄ : V −→ k, a 7→ f(a)

´½ÂûÐ�N�.

(2) k[V ] ´k�)¤ k-�ê, Ïd´ìA�.
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½Â2.82. �V ⊆ An ÚW ⊆ Am ����ê8. X�3õ�ªϕ1, · · · , ϕm ∈
k[x1, · · · , xn] ¦�N�ϕ : V →W ÷v�ª

ϕ(a) = (ϕ1(a), ϕ2(a), · · · , ϕm(a))

é¤ka = (a1, · · · , an) ∈ V ¤á, ¡ϕ ��ê8V �W ���.

��ϕ : V → W ¡�Ó�, ´��3��ψ : W → V ¦�ϕ ◦ ψ = 1W

�ψ ◦ ϕ = 1V .

5P. éu��ϕ, õ�ªϕ1, · · · , ϕm Ø´��(½�.

�ϕ : V →W ´��. ½Â

ϕ̃ : k[W ] −→ k[V ],

f + I(W ) 7−→ f(ϕ1, · · · , ϕm) + I(V ).

·�y²ϕ̃ ´½ÂûÐ�k-�êÓ�. X

f1 = f2 mod I(W ), K F = f1 − f2 ∈ I(W )

�F (ϕ1, · · · , ϕm) ∈ I(V ), =ϕ̃ ´û½Â�. �uϕ̃ ´k-�êÓ�N´y².

�L5, � Φ : k[W ]→ k[V ] ´k-�êÓ�. �

Φ(xi + I(W )) = Fi(x1, · · · , xn) + I(V ), Ù¥ 1 ≤ i ≤ m.

Xg(x1, · · · , xm) ∈ I(W ),KΦ(g(x1, · · · , xm)+I(W )) = g(F1, · · · , Fm) ∈ I(V ).

e(a1, · · · , an) ∈ V , Kg(F1(a), · · · , Fm(a)) = 0. ¤±

(F1(a), · · · , Fm(a)) ∈ Z(I(W )) = W.

ù�ϕ : V → W , a = (a1, · · · , an) 7→ (F1(a), · · · , Fm(a)) ´V �W ���.

§�Fi �À�Ã'�ϕ̃ = Φ.

o(�eþ¡�?Ø, =kXe½n.

½n2.83. �V ⊆ An ÚW ⊆ Am ����ê8. K�3��éA

{V � W ���} → {k[W ] � k[V ] �k-�êÓ�}

ϕ 7→ ϕ̃,

÷vXe^�:

(1) é?¿k-�êÓ� Φ : k[W ] → k[V ], �3����ϕ : V → W ¦

�Φ = ϕ̃.

(2) ψ̃ ◦ ϕ = ϕ̃ ◦ ψ̃.
(3) ϕ ´Ó���=� ϕ̃ ´Ó�.
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§2.5.2 F�ËA":½n

F�ËA":½n(Hilbert’s Nullstellensatz) ´���ê����½n.

½n2.84 (F�ËA":½n). �k ´�êµ4�. K

I(Z(I)) =
√
I

é¤kn�I ⊆ k[x1, · · · , xn] ¤á. �I �Z �Ñp_���éA:

{An¥����ê8}
I
�
Z
{k[An]¥��ªn�}.

AO/, XI ´k[An] �ýn�, KZ(I) ��.

�y²d½n, ·�ky²Xe�ìA�5zÚn(Noether’s Normaliza-

tion Lemma)

½n2.85 (ìA�5zÚn). �k ´�, A = k[r1, · · · , rm] ´k�)¤k-�ê,

K�3�êq, 0 ≤ q ≤ m, ±9��y1, · · · , yq ∈ A, §�3kþ�êÕá, ¦

�A 3k[y1, · · · , yq] þ�.

y². ·�ém �8B. �m = 1 �½n´w,�.

éu���m, Xr1, · · · , rm �êÕá, -q = m, yi = ri (i = 1, · · · ,m)

=�.

ÄK, �3õ�ªf(x1, · · · , xm) ∈ k[x1, · · · , xm], gêdeg f = d > 0 ¦

�f(r1, · · · , rm) = 0. ·�Ø�b�f ´Xê3k[x1, · · · , xm−1] ¥'u�½

�xm ��~�õ�ª.

éu1 ≤ i ≤ m− 1, -

αi = (1 + d)i, Xi = xi − xαim .

K

g(X1, · · · , Xm−1, xm) = f(X1 + xα1
m , · · · , Xm−1 + xαm−1

m , xm)

∈ k[X1, · · · , Xm−1, xm]

�±�¤

cxNm +

N−1∑
i=0

hi(X1, · · · , Xm−1)xim

�/ª, Ù¥c ∈ k, c 6= 0. -si = ri − rαim , K

1

c
g(s1, · · · , sm−1, rm) =

1

c
f(r1, · · · , rm) = 0.

�rm 3�B = k[s1, · · · , sm−1] þ�. qdur1, · · · , rm−1 3B[rm] þ�, �A

3B þ�. duB ´d m− 1 ���)¤�k−�ê, d8Bb�±9�5�

D45, ½n�y.
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½n2.86 (F�ËA":½n�f/ª). �k ´�êµ4�. n�m ´õ�

ª�k[x1, · · · , xm]�4�n���=�m = (x1−a1, · · ·xn−an). AO/, XI

´ k[x1, · · · , xn] �ýn�, KZ(I) ��.

y². ⇐ ÷Ó�k[x1, · · · , xn] → k, f(x1, · · · , xn) 7→ f(a1, · · · , an) �Ø´m.

�m ´4�n�.

⇒ Xm ´4�n�, -E = k[x1, · · · , xn]/m = k[x̃1, · · · , x̃n]. ù´k�

)¤k−�ê, �dìA�5zÚn, E 3õ�ª�k[y1, · · · , yq] þ�. dE ´

�, �k[y1, · · · , yq] �´�. �q = 0, E 3�êµ4�þ�, �E = k. ùÒ´

`x̃i = ai ∈ k, =xi − ai ∈ m (i = 1, · · · ,m). �m = (x1 − a1, · · · , xn − an).

XI ´k[x1, · · · , xn] þ�ýn�. �m ⊇ I ´4�n�. Km = (x1 −
a1, · · · , xn − an), (a1, · · · , an) ∈ Z(I) 6= ∅.

F�ËA":½n�y². �I = (f1, · · · , fm), g ∈ I(Z(I)). -I ′ ´õ�ª

�k[x1, · · · , xn, xn+1] ¥d{f1, · · · , fm, xn+1g − 1})¤�n�. KZ(I ′) = ∅.
�dF�ËA":½n�f/ª, 1 ∈ I ′, =�3ai = ai(x1, · · · , xn+1) (i =

1, · · · ,m+ 1), ¦�

1 = a1f1 + · · ·+ amfm + am+1(xn+1g − 1).

-y = 1
xn+1

, K�3N ¦�

yN = c1f1 + · · ·+ cmfm + cm+1(g− y), ci ∈ k[x1, · · · , xn, y] (i = 1, · · · ,m+ 1).

�y = g �\þãð�ª. KkgN = yN ∈ I, �g ∈
√
I.

§2.5.3 ���ê8þ�ÿÀ

�X �8Ü.£Á�eX þ�ÿÀ´�X ��
f8�¤�8ÜxT ,Ù

��¡�48, ÷vXeún:

(1) X ∈ T , ∅ ∈ T . =�8X ��8∅ þ´48.

(2) 48�?¿��´48. =e{Xi}i∈I ⊆ T , K
⋂
i∈I

Xi ∈ T .

(3) 48�k�¿´48. =e{Xi}ni=1 ⊆ T , K
n⋃
i=1

Xi ∈ T .

d�, X ¡�ÿÀ�m.

48�{8¡�m8. �m8÷vún:

(1′) X � ∅ ´m8.

(2′) m8�?¿¿´m8.

(3′) m8�k��´m8.

d���ê8�5�, §÷v48�n�^�.

½Â2.87. ���mAn ±Ùþ���ê8��48û½�ÿÀ¡�An þ�
SpdÄÿÀ (Zariski topology).
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~2.88. Xn = 1, A1 = k �SpdÄ ÿÀ=´`Ø���mk 	, Ù{48

þ´k�8. ù�Ï~¤¢�k�Ö�m��. Xk = R ½C, §�SpdÄ

ÿÀ'·�3©Û¥ÆS��î¼ål�mÿÀ�o÷�õ. Xk ´Ã�8,

Kk �SpdÄ ÿÀo´T1 ��Ø´T2 (ÍdõÅ) �.

½Â2.89. �V ´�����ê8. XéuV = V1 ∪V2,Ù¥V1, V2 ����

ê8, 7kV = V1 ½V = V2 ¤á, ·�¡V ´Ø���, ÄK¡V ´���.

Ø�����ê8¡���q.

·K2.90. �V ´�����ê8.

(1) V Ø����=�I(V ) ´�n�. �ó�, V ´�êq��=�Ù

�I�k[V ] ´��.

(2) V �±��L«¤Xe/ª;

V = V1 ∪ V2 ∪ · · · ∪ Vq

Ù¥Vi Ø���Vi * Vj éu?¿j 6= i ¤á.

y². (1) �I = I(V ). X V = V1 ∪ V2 ´���, ��V1 �V2 þ´V �

ý4f8. duVi 6= V . ��3fi ∈ I(Vi) − I, �f1f2 3V1 ∪ V2 = V þ

���0. �f1f2 ∈ I. =I Ø´�n�. ��, eI Ø´�n�, K�3f1f2 ∈
k[x1, · · · , xn],�f1Úf2 /∈ I. -V1 = Z(f1)∩V , V2 = Z(f2)∩V . K V = V1∪V2

� Vi 6= V , =V ��.

(2) �S ´d¤kØU��Ø���ê8k�¿����ê8�¤�8

Üx. b�S 6= ∅. duk[An] ´ìA�, 8Ü{I(V ) | V ∈ S} k���I0,

�V0 = Z(I0)´S ¥�4��. duV0 ∈ S,� V0´���,=kV0 = V1∪V2,

V1 �V2 ´V0 �ý4f8. �dV0 �4�5, V1 �V2 Ø3S ¥, �þ´k�

õØ���ê8�¿. ¤±V0 �´k�õØ���ê8�¿, =V0 /∈ S. g

ñ. ¤±S = ∅, =?¿�ê8þ´Ø���ê8�k�¿.

�y��5. �

V = V1 ∪ V2 ∪ · · · ∪ Vr = U1 ∪ U2 ∪ · · · ∪ Us

� V �ü�©), Vi, Uj Ø��, �Vi * Vi′ , Uj * Uj′ (i, i′ = 1, · · · , r,
j, j′ = 1, · · · , s). K

V1 = V1 ∩ V = (V1 ∩ U1) ∪ · · · ∪ (V1 ∩ Us).

dV1 �Ø��5�, �3j, ¦�V1 = V1 ∩ Uj . =V1 ⊆ Uj . Ó���, éUj

�3i′, ¦�Uj ⊆ Vi′ é,�i′ ¤á. ¤±V1 ⊆ Uj ⊆ Vi′ , �i′ = 1 �V1 = Uj .

Ó��nkVi = Uσ(i) é,�1 ≤ σ(i) ≤ s ¤á. �r = s �{V1, · · · , Vr} =

{U1, · · · , Us}.
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§2.5.4 ����Ìþ�ÿÀ

�R ´¹N���. £Á�eSpec R ´R ��Ì, =R ¥¤k�n��

8Ü, Max R ⊆ Spec R ´R �4�Ì, =R ¥4�n��8Ü.

~2.91. �k ´�.

(1) Spec k = Max k = {0}.
(2) Spec Z = {(0)} ∪Max Z = {(0)} ∪ {pZ | p ´�ê}.
(3) Spec k[x] = {(0)} ∪Max k[x] = {0} ∪ {(f) | f ∈ k[x], Ä�Ø��}.
(4) Spec Z[x] dXeoa�n�|¤:

(i) "n�(0).

(ii) (p), Ù¥p ��ê.

(iii) (f), Ù¥f(x) 3Z[x] þØ��(⇔ f���3 Q[x] þØ��).

(iv)4�n�(p, g),Ù¥p��ê, g(x) ∈ Z[x]�Ä�õ�ª�g mod p

3Fp[x] ¥Ø��.

½Â2.92. �f ∈ R, p ∈ Spec R. Kf 3:p ?���f(p) = f mod p ∈ R/p.

�f(p) = 0⇔ f ∈ p.

½Â2.93. �A ´R �f8. A�":8½Â��ÌSpecR �f8

Z(A) = {p ∈ Spec R | A ⊆ p}

= {p ∈ Spec R | a(p) = 0 é?¿ a ∈ A ¤á}.

�Y ´Spec R �f8. Y�z"n� ½Â��R �n�

I(Y ) =
⋂
p∈Y

p = {a ∈ R | a(p) = 0 é?¿ p ∈ Y ¤á}.

duZ(A) = Z(〈A〉), ·�e¡�I�ÄA = I ´R �n���/.

·K2.94. N�Z �I ÷vXe5�
(1) éR �n�I, Z(I) = Z(

√
I) I(Z(I)) =

√
I.

(2) é?¿n�I, J kZ(I ∩ J) = Z(IJ) = Z(I) ∪ Z(J).

(3) Z(
⋃
j

Ij) =
⋂
j

Z(Ij).

y². (1)Xp ⊇ I,Kp ⊇
√
I. �Z(I) = Z(

√
I). aq/, I(Z(I)) =

⋂
p∈Z(I)

p =⋂
I⊆p

p =
√
I.

(2) Z(I ∩J) = Z(I)∪Z(J)w,. Xp ⊇ IJ ,Kp ⊇ I ½p ⊇ J . �Z(IJ) =

Z(I) ∪ Z(J).

(3) ´�y.
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dþã·K

T = {Z(I) | I� R¥n�}

÷vSpec R ¥ÿÀ48nún.

½Â2.95. ±Z(I) ��48½Â�ÿÀ¡�Spec R þ�SpdÄÿÀ.

d½Â, XÕ:8{p} ´Spec R �48, K

{p} = {p} =
⋂

I: p∈Z(I)

Z(I) = {q ∈ Spec R | q ⊇ p}.

�{p} ´48��=�p ∈ Max R ´4�n�, =Max R ´Spec R ¥�4:

�¤�8Ü.

Ó�, �±½ÂSpec R þ�Ø��48: YØ�� ⇔ eY = Y1 ∪ Y2.

KY = Y1 ½Y = Y2. �±y²Y = Z(I) Ø����=�I(Y ) =
√
I ´�n

�.

·K2.96. N�I �Z ½Âp_V�

{Spec R¥�SpdÄ4f8}
I
�
Z
{R¥��ªn�}.

déAòSpec R ¥�4:8éA�R ¥�4�n�, Spec R ¥�Ø��4

8éA�R ¥��n�.

§2.6 �ÛÙBÄ

�k´�, I´õ�ª�k[X] := k[x1, · · · , xn] ¥�n�. dF�ËAÄ½

n, k[X] ´ìA�, �I ´k�)¤�. @oXÛÏéI ��|Ü·�)¤�

Q?ÙâË�(Buchberger)u²�«�{,��I��|Ü·)¤�,=§��

ÛÙBÄ, ¿dd£�Xe¯K:

(1) �äõ�ªh(X) ´Ä3I ¥.

(2) �äõ�ªg(X) ´Ä3
√
I ¥.

(3) �äü�n�´Ä��.

�ÛÙBÄ3O�êÆ+�kã�A^. 3�!, ·�ò0�ÙâË��n

Ø.

§2.6.1 �þõ�õ�ª�þ��{Ø{

3�!,·�o´b�I = (f1, · · · , fr)´n�õ�ª�k[X] = k[x1, · · · , xn]

�n�.

õ�ª�k[X]¥�ü�ª�±P�Xα = xα1
1 · · ·xαnn ,Ù¥α = (α1, · · ·αn) ∈

Nn, α�� |α| = α1 + · · ·+αn. 5¿�Nn ´\{¹N�+,ü�ª�¦{�Nn

\{�N:

XαXβ = Xα+β .
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½Â2.97. 8ÜS¡� S8(partially ordered set)´�Sþk��'X≤÷v
g�5,�é¡5ÚD45,d�'X≤¡� S(partial order). ·�¡x < y

½y > x Xx ≤ y �x 6= y, ¡x ≥ y Xy ≤ x.

 S8¡�ûS8(well ordered set)´�§���f8þk���.

½Â2.98. 8ÜNn ¥� S≤ e´ûS��Nn �\{�N, =

α ≤ β ⇒ α+ γ ≤ β + γ, é?¿ γ ¤á.

K¡dS�ü�ªS(monomial order).

½Â2.99. �½Nn ¥�ü�ªS. éu0 6= f(X) = f(x1, · · · , xn) ∈ k[X], K

f(X) = cαX
α +

∑
β<α

cβX
β .

·�¡LT(f) = cαX
α ´f �Ä�, Deg f = α ´f �gê. XLT(f) = Xα, K

¡f(X) ´Ä�õ�ª.

½Â2.100. 8ÜNn �i;S(lexicographic order)´�Xe½Â� S:

α ≤lex β X α = β ½β − α �1���"©þ��.

·K2.101. i;S´ü�ªS.

y². �yi;S÷v:

(i) g�5, �é¡5ÚD45.

(ii) ûS5.

(iii) ü�ªS^�.

ùp(i) Ú(iii) Ñ´éw,�. éu(ii), -S ⊆ Nn ���8. -

δ1 = min{α1 | α = (α1, · · · , αn) ∈ S},

C1 = min{α ∈ S | α1 = δ1}.

8B½Â

δi = min{αi | α ∈ Ci−1},

Ci = min{α ∈ Ci−1 | αi = δi}.

K(δ1, δ2, · · · , δn) ´S ¥����.

e¡ùü�·K´w,�:

·K2.102. �≤ ´Nn ���ü�ªS. éuõ�ªf(X), g(X) ∈ k[X],

Xf(X) ¥�3ü�ªcβXβ, ¦�LT(g) | cβXβ, -

h(X) = f(X)− cβX
β

LT(g)
g(X).
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K

(1) Xβ = Deg f , Kh(X) = 0 ½Deg h < Deg f .

(2) Xβ < Deg f , KDeg h = Deg f �LT(h) = LT(f).

·K2.103. �≤ �Nn ���ü�ªS, Deg f ∈ Nn. K
(1) XDeg f = Deg g, KLT(f) = cLT(g), c ∈ k, c 6= 0.

(2) LT(hg) = LT(h)LT(g), �Deg (fg) = Deg f + Deg g.

(3) XDeg f = Deg (hg), KLT(g) | LT(f).

(4) Deg (f + g) ≤ max(Deg f,Deg g).

½Â2.104. 8ÜNnþ�gê-i;S (degree-lexicographic order)´�S≤dlex,

éuα, β ∈ Nn, α ≤dlex β ��=�e�n�/��¤á:

(1) α = β;

(2) |α| < |β|;
(3) |α| = |β| �α ≤lex β.

�ó�,

α >dlex β ⇔ |α| > |β|, ½ |α| = |β| � α >lex β.

·K2.105. gê-i;S≤dlex ´Nn þ�ü�ªS.

y². w,. 3�öS.

½Â2.106. �{g1, · · · , gm} ⊆ k[X]. õ�ªr(X) ∈ k[X] ¡��{g1, · · · , gm}
´�z�(reduced)´�r(X)½ö�u0½ö§¥mØ�3�,�LT(gi)�Ø

��"�.

½n2.107 (õ�õ�ª�þ��{Ø{). �≤ ´Nn ���ü�ªS. é

uf(X) ∈ k[X], G = [g1, · · · , gm] �k[X] ¥m �õ�ª|, K�3�{, �

Ñr(X), a1(X), · · · , am(X) ∈ k[X],

f = a1g1 + a2g2 + · · ·+ amgm + r,

¦�

(1) r(X) �{g1, · · · , gm} ´�z�.

(2) Deg (aigi) ≤ Deg f é?¿1 ≤ i ≤ m ¤á.

y². ·���{Xe:

Ñ\ f(X) =
∑
β

cβX
β , G = [g1, · · · , gm].

ÑÑ r, a1, · · · , am.

(1) �r = f, ai = 0.
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(2) Xr�{g1, · · · , gm}Ø´�z�. Ké����i¦�LT(gi) | cβXβér(X)

,ü�ª¤á. -

r := r − cβX
β

LT(gi)
gi,

ai := ai +
cβX

β

LT(gi)
, aj := aj , Xj 6= i.

,�Ì�.

·�Ly²þã�{�½¬3k�Úª�. éuf(X) ∈ k[X], f(X) 6= 0.

Kf(X) = cαX
α + cβX

β + cγX
γ + · · · , α > β > γ > · · · . PW (f) = αβγ · · · ,

§´±Nn �i1L���i. -W (Nn) ´±Nn �i1L�i�8Ü. ¿æ

^i;S≤lex. K≤lex ´W (Nn) ���ûS. Xr(X) ¥k�"�cβXβ , ¦

�LT(gi) | cβXβ . ·�kW (r) > W
(
r − cβX

β

LT(gi)
gi
)
. �z²L�gÌ�W (r)

7ü$. X���W (r) < min
1≤i≤m

{W (LT(gi))}, Kr 7´�z�. lW (f)

� min
1≤i≤m

{W (LT(gi))} �m�kk�Ú.

d�{�Ñ�r g,´�{g1, · · · , gm} �z�, z�ai ´/X
cβX

β

LT(gi)
�

ü�ª�Ú. �Deg (aigi)≤Deg f .

5P. þã�{�Ñ�r(X)�g1, · · · , gm �gSk',=´dn�kS|G =

[g1, · · · , gm] û½, ·�¡��f(X) �G �{ê.

~2.108. �3õ�ª�k[x, y, z]¥z < y < x¿æ^gê-i;S.�f(x, y, z) =

x2y2 + xy, g1 = y2 + z2, g2 = x2y + yz, g3 = z3 + xy. KéuG = [g1, g2, g3],

r = −x2z2 + xy; éuG = [g2, g1, g3], r = 0.

§2.6.2 �ÛÙBÄÚÙâË��{

½Â2.109. �I´k[X]�n�. {g1, · · · , gm}¡�I ��ÛÙBÄ(Gröbner ba-

sis)´�{g1, · · · , gm} )¤I, �é?¿f ∈ I, �3i, ¦�LT(gi) | LT(f).

~2.110. UY?Ø~ 2.108�n�I. d~ 2.108��r(x, y, z) = −x2z2 + xy ∈
I, �LT(r) = −x2z2 Ø�ØLT(g1) = y2, LT(g2) = x2y ÚLT(g3) = z3, �d½

Â�{g1 = y2 + z2, g2 = x2y + yz, g3 = z3 + xy} Ø´I = (g1, g2, g3) ��ÛÙ

BÄ. �,, d~ 2.108�O�Úe¡�·K���Ñù�(Ø.

·K2.111. 8Ü{g1, · · · , gm} ´I = (g1, · · · , gm) ��ÛÙBÄ��=�é?

¿σ ∈ Sm, é?¿f ∈ I, f �Gσ = [gσ(1), · · · , gσm] �{êrσ = 0.

y². eéσ ∈ Sm, �3f ∈ I, f �Gσ �{êØ�u0. �÷vù�^��

gê�$�f . e{g1, · · · , gm} ´I ��ÛÙBÄ, �3i, LT(gi) | LT(f). ��

��i ¦�LT(gσ(i)) | LT(f). Kh = f − LT(f)
LT(gσ(i))

LT(gσ(i)) ´¦f �Gσ(i){ê

��{�1�Ú, �f �Gσ �{ê�uh mod Gσ �{ê. �Deg h < Deg f ,
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df�gê�$5, h mod Gσ �{ê�u0, gñ. �{g1, · · · , gm} Ø´I ��
ÛÙBÄ.

��, eé?¿σ ∈ Sm, f �Gσ �{êrσ = 0, �{g1, · · · , gm} Ø´I �
�ÛÙBÄ, K�30 6= f ∈ I ¦�LT(gi) - LT(f) é?¿i ¤á. �3¦f

�G �{ê�, z�g�z���r �c¡�r �gêØCþ�Deg f 6= 0, ù

�r = 0 gñ.

íØ2.112. X{g1, · · · , gm} ´n�I = (g1, · · · , gm) ��ÛÙBÄ, Kéu

?¿f(X) ∈ k[X], �3���r(X) ∈ k[X], r(X) �{g1, · · · , gm} ´�z�
�f − r ∈ I. ¯¢þr ´f �Gσ �{ê, Ù¥σ �Sm ¥?¿�.

y². k[X] þ��{Ø{�{�Ñr(X) �{g1, · · · , gm} ´�z�, �f − r =

a1g1 + · · ·+ amgm ∈ I, ��35¤á.

�r Úr′ þ�{g1, · · · , gm} �z�f − r ∈ I, f − r′ ∈ I. Kr − r′ ∈ I.

Xr − r′ 6= 0. d�z�5�, r − r′ ¥?¿ü�ªþØ�?ÛLT(gi) �Ø. ù

�r − r′ ∈ I �{g1, · · · , gm} ´�ÛÙBÄgñ. �r = r′. ��5¤á.

íØ2.113. X{g1, · · · , gm} ´I = (g1, · · · , gm) ��ÛÙBÄ, K

(1) é?¿σ ∈ Sm, f �Gσ �{ê´���;

(2) f ∈ I ��=�f �G �{ê´0.

½Â2.114. éα, β ∈ Nn,½Âα∨β = µ = (µ1, · · · , µn),Ù¥µi = max{αi, βi}.

½Â2.115. �f, g ∈ k[X], LT(f) = aαX
α, LT(g) = bβX

β . ½Â

LT(f, g) = Xα∨β ,

S(f, g) =
LT(f, g)

LT(f)
f − LT(f, g)

LT(g)
g.

�ö¡�f �g �S-õ�ª(S-polynomial), §�±��

S(f, g) = a−1
α Xµ−αf(X)− b−1

β Xµ−βg(X) = −S(g, f).

~2.116. Xf Úg þ´ü�ª, KS(f, g) = 0.

Ún2.117. éuj = 1, · · · , l, �½gj ∈ k[X] 9ü�ªcjXα(j). -h(X) =
l∑

j=1

cjX
α(j)gj(X). XDeg h < δ,�éu?¿1 ≤ j ≤ l,þkDeg (Xα(j)gj(X)) =

δ, Kéu1 ≤ j ≤ l − 1, �3dj ∈ k, ¦�

h(X) =

l−1∑
j=1

djX
δ−µ(j)S(gj , gj+1),

ùpµ(j) = Deg (gj) ∨Deg (gj+1), �

Deg (Xδ−µ(j)S(gj , gj+1)) < δ.
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y². -LT(gj) = bjX
β(j). K

LT(cjX
α(j)gj) = cjbjX

α(j)+β(j) = cjbjX
δ.

dDeg h < δ �
∑
j

cjbj = 0. -uj(X) = b−1
j Xα(j)gj(X). KdC��¦Úú

ª(©Ü¦Úúª),

h(X) =

l∑
j=1

cjbjuj

=

l−1∑
j=1

(

j∑
k=1

ckbk)(uj − uj+1) + (

l∑
k=1

ckbk)ul

=

l−1∑
j=1

(uj − uj+1) ·
j∑

k=1

ckbk.

5¿�uj − uj+1 =Xδ−µ(j)S(gj , gj+1). duuj Úuj+1 Ñ´Ä�õ�ª�g

ê�δ, �õ�ªXδ−µ(j)S(gj , gj+1) �gê< δ. -dj =
j∑

k=1

ckbk, KÚn�

y.

½n2.118. 8Ü{g1, · · · , gm} ´I = (g1, · · · , gm) ��ÛÙBÄ��=�é?

¿1 ≤ p, q ≤ m, S(gp, gq) �G = [g1, · · · , gm] �{êÑ´0.

y². ⇒ w,, Ï�S(gp, gq) ∈ I.

⇐ �S(gp, gq) �G �{êþ�0. éuf 6= 0, f ∈ I, Pf =
m∑
i=1

higi. K

Deg f ≤ max
1≤i≤m

{Deg (higi)}.

e�ª¤á, KDeg f = Deg (higi) é,�i ¤á, �LT(gi) | LT(f). ¤±·�

Ø�b�Deg f < max
i
{Deg (higi)} = δ �À�L�ªf =

∑
i

higi ¦�δ ��.

P

f =
∑
j

Deg (hjgj)=δ

hjgj +
∑
j′

Deg (hj′gj′ )<δ

hj′gj′ .

éu÷v^�Deg (hjgj) = δ�j,Ø���j = 1, · · · , l,KDeg (
l∑

j=1

LT(hj)gj) <

δ. �dÚn, �3dj ∈ k, µ(j) ∈ Nn, 1 ≤ j ≤ l − 1, ¦�

l∑
j=1

LT(hj)gj =

l−1∑
j=1

djX
δ−µ(j)S(gj , gj+1),

Xδ−µ(j)S(gj , gj+1)�gê�uδ. d®�^�Ú�{Ø{, Xδ−µ(j)S(gj , gj+1)

�±�¤h′1jg1 + · · · + h′mjgm�/ª, Ù¥Deg (h′ijgi) < δ. �f =
m∑
i=1

h̃igi, Ù

¥Deg (h̃igi) < δ éz�1 ≤ i ≤ m þ¤á. ù�δ ���5gñ. �b�Ø¤

á.
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íØ2.119. XI = (f1, · · · , fs) �fi þ´ü�ª, K{f1, · · · , fs} ´I ��ÛÙ
BÄ.

½n2.120 (ÙâË�). dI ��|)¤�, �3�{¦I ��|�ÛÙBÄ.

y². �{Xe. Äk�I = (f1, · · · , fs). Ì�O�: -B = {f1, · · · , fs},
G = [f1, · · · , fs]. éug, g′ ∈ B, g 6= g′. O�S(g, g′) mod G. XS(g, g′) mod G

�r(X) 6= 0. K-

B = B ∪ {r}, G = [f1, · · · , fs, r],

¿Ì�. XS(g, g′) mod G ��0, KÑÑB �I ��ÛÙBÄ.

·�I�y²þã�{Ø¬Ã�Ì�e�. ¯¢þ,éu8ÜB′ ⊆ B. K

〈LT(g′) | g′ ∈ B′〉 ⊆ 〈LT(g) | g ∈ B〉.

3�{¥, Xr ´S(g, g′) mod G �{ê, K

LT(r) /∈ 〈LT(g)| g ∈ B〉.

�z²L�gÌ�

〈LT(g)| g ∈ B〉 $ 〈LT(g)| g ∈ B ∪ {r}〉.

ù�Ò��k[X] ¥�n�î�,ó. dF�ËAÄ½n, k[X]´ìA�, ù

��,ó�U´k���.

~2.121. ·��´£�~ 2.108�~f. éuI = (y2 + z2, x2y + yz, z3 + xy),

duS(y2 + z2, x2y + yz) = x2z2 − y2z 6= 0 �[y2 + z2, x2y + yz, z3 + xy].

�{y2 + z2, x2y + yz, z3 + xy} Ø´I ��ÛÙBÄ, �{y2 + z2, x2y + yz, z3 +

xy, x2z2 − y2z} ´I ��ÛÙBÄ.

e¡�íØ£�
�!m�JÑ�¯K.

íØ2.122. (1) XI = (f1, · · · , fs) ´k[X] �n�, K�ÏL�{�½h(X) ´

Ä3I ¥.

(2) XI = (f1, · · · , fs) ´k[X] �n�, K�ÏL�{�½g(X) ´Ä3
√
I

¥.

(3) XI = (f1, · · · , fs), I ′ = (f ′1, · · · , f ′s′), K�ÏL�{�½I �I ′ ´Ä
��.

y². (1)k¦ÑI��|�ÛÙBÄ{g1, · · · , gm},,�O�h(X) mod [g1, · · · , gm],

wÙ´Ä�0.

(2) ù�du�½k[X, y] ¥�n�(f1, · · · , fs, 1− yg) ´Ä�¹1.

(3)k¦ÑI�I ′��ÛÙBÄ{g1, · · · , gm}�{g′1, · · · , g′m′},,�¦g′i mod

[g1, · · · , gm] 9gi mod [g′1, · · · , g′m′ ]. X��", KI = I ′, ÄKØ´.
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½Â2.123. �k ��, I ´k[X,Y ] = k[x1, · · · , xn, y1, · · · , ym] �n�. IX =

I ∩ k[X] ¡�I 'uk[X] ���n�(elimination ideal).

~2.124. XI = (x2, xy), KIx = (x2), Iy = (0).

·K2.125. �k[X] ¥�ü�ªS÷vx1 > x2 > · · · > xn. �½p > 1, Y =

{xp, · · · , xn}. XI ⊆ k[X] ��ÛÙBÄG = [g1, · · · , gm], KG ∩ IY ´IY =

I ∩ k[xp, · · · , xn] ��ÛÙBÄ.

y². �{g1, · · · , gm} ´I ��ÛÙBÄ. éu0 6= f ∈ I, �3i, ¦�LT(gi) |
LT(f). �f(xp, · · · , xn) ∈ IY ⊆ I. eLT(gi) | LT(f), Kgi ∈ k[xp, · · · , xn],

�gi ∈ IY . qd�f ′ = f − LT(f)
LT(gi)

gi ∈ IY , �Deg f ′ < Deg f , d8B��IY

dG ∩ IY )¤. �G ∩ IY ´IY ��ÛÙBÄ.

·K2.126. �I1, · · · , It ´k[X] = k[x1, · · · , xn] ¥�n�.

(1) éuõ�ª�k[X, y1, · · · , yt] = k[x1, · · · , xn, y1, · · · , yt], -

J = 〈1− (y1 + · · ·+ yt), yjIj | 1 ≤ j ≤ t〉.

K
t⋂

j=1

Ij = JX .

(2) �½I1, · · · , It ��ÛÙBÄ, �±O�
t⋂

j=1

Ij ��ÛÙBÄ.

y². Xf(X) ∈ JX = J ∩ k[X]. P

f(X) = g(X,Y )(1−
t∑

j=1

yj) +

t∑
j=1

hj(X, y1, · · · , yt)yjqj(X).

Ù¥qj(X) ∈ Ij (1 ≤ j ≤ t). éu�½�j, �yj = 1, �éul 6= j �yl = 0. K

f(X) = hj(X, 0, · · · , 0, 1, · · · , 0)qj(X) ∈ Ij .

¤±f(X) ∈
t⋂

j=1

Ij =JX ⊆
t⋂

j=1

Ij .

��, ef ∈
t⋂

j=1

Ij , K

f(X) = f(X) · (1−
t∑

j=1

yj) +

t∑
j=1

yjf(X) ∈ JX .

�JX =
t⋂

j=1

Ij .

(2) ½Âü�ª�S: x1 < x2 < · · ·<xn < y1 < · · · < yt. KkdIj �Ä

��J �)¤�, ¦ÑJ ��ÛÙBÄG, 2dc¡·KG∩ JX =JX =
t⋂

j=1

Ij

��ÛÙBÄ.
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~2.127. �I = (x) ∩ (x2, xy, y2) ⊆ k[x, y]. K

J = (1− u− v, ux, vx2, vxy, vy2) ⊆ k[x, y, u, v].

�x < y < u < v, ¦�J ��ÛÙBÄ�

G = {v + u− 1, x2, yx, ux, uy2 − y2}.

�G ∩ I = {x2, xy} ´I ��ÛÙBÄ.

§2.7 (ª

�R ´���,

f(x) = adx
d + ad−1x

d−1 + · · ·+ a0, ad 6= 0 Ú

g(x) = bex
e + be−1x

e−1 + · · ·+ b0, be 6= 0

´Rþ�õ�ª. �Pi ´Rþgê< i�õ�ª8Ü.KPi ´��i�gdR-

�, {1, x, · · · , xi−1} ´§��|Ä. ¤±Pd × Pe �Pd+e þ´��d + e �g

dR-�. N�

ϕ = ϕ(f, g) : Pe × Pd −→ Pd+e

(P,Q) 7−→ fP + gQ

´R-�Ó�.

½Â2.128. õ�ªf Úg �(ª(resultant) =

Res(f, g) = detϕ(f, g) ∈ R.

-

ei =

(xi, 0), 0 ≤ i < e;

(0, xi−e), e ≤ i < d+ e,

ẽi = xi, 0 ≤ i < d+ e.

K{ei} ´Pe × Pd ��|Ä, {ẽi} ´Pe+d ��|Ä. �5N�ϕ 3ù ü|Ä

e�Ý
�

A =



a0 b0

a1
. . . b1

. . .

...
. . . a0

...
. . . b0

ad a1 be b1
. . .

...
. . .

...

ad be


,

=ϕ(e0, e1, · · · , ed+e−1) = (ẽ0, ẽ1, · · · , ẽd+e−1)A.

�d�5�ê�£, ·�k
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Ún2.129. Res(f, g) = detA.

½n2.130. �R ���,

f(x) = ad(x− α1) · · · (x− αd),

g(x) = be(x− β1) · · · (x− βe),

Ù¥α1, · · · , αd Úβ1, · · · , βe ©O´f Úg 3R �©ª�K ��ê4�K ¥
��. K

Res(f, g) = aedb
d
e ·

∏
1≤i≤d
1≤j≤e

(αi − βj).

y². -W = (wij), Ù¥

wij =

β
j
i , Xi ≤ e;

αji−e, Xe < i ≤ d+ e.

K

WA =



f(β1) β1f(β1) · · · βe−1
1 f(β1)

f(β2) β2f(β2) · · · βe−1
2 f(β2)

...
...

...

f(βe) βef(βe) · · · βe−1
e f(βe)

g(α1) α1g(α1) · · · αd−1
1 g(α1)

g(α2) α2g(α2) · · · αd−1
2 g(α2)

...
...

...

g(αd) αdg(αd) · · · αd−1
d g(αd)


d���1�ª�O�, ·��

detWA = f(β1) · · · f(βe)g(α1) · · · g(αd)
∏
i<j

(βi − βj)
∏
i<j

(αi − αj)

= detW · detA,

9

detW =
∏
i<j

(βi − βj)
∏
i<j

(αi − αj)
∏

1≤i≤d
1≤j≤e

(βj − αi).

eαi, βj üüØÓ, K

detA ·
∏

1≤i≤d
1≤j≤e

(βj − αi) = f(β1) · · · f(βe)g(α1) · · · g(αd).
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�

f(β1) · · · f(βe) = aed
∏

1≤i≤d
1≤j≤e

(βj − αi),

g(α1) · · · g(αd) = bde
∏

1≤i≤d
1≤j≤e

(αi − βj).

�

Res(f, g) = detA = aedg(α1) · · · g(αd)

= (−1)edbdef(β1) · · · f(βe)

= aedb
d
e

∏
1≤i≤d
1≤j≤e

(αi − βj).

Xαi, βj þ�uα, K�òÙ¥����α + δa, Ù¥a´,�½��"ê, δC

z. KA ¥��´δ �õ�ª, �detA �´δ�õ�ª. �δ 6= 0 �½n¤á,

��ªü>��õ�ª´���, ¤±δ = 0�½n�¤á.

íØ2.131. XR ´��, (ªdXe5��x:

(1) Xd = 0, KRes(f, g) = aed, Xe = 0, KRes(f, g) = bde .

(2) Res(x− a1)(x− b1) = a1 − b1.
(3) Res(g, f) = (−1)deRes(f, g).

(4) Res(fg, h) = Res(f, h)Res(g, h).

y². ��¡d½n�(ª÷v(1)-(4). �L5, e

f(x) = a(x− α1) · · · (x− αd),

g(x) = b(x− β1) · · · (x− βe),

R′(f, g)�÷v(1)-(4) �¼ê, K

R′(f, g) = aebd
∏

1≤i≤d
1≤j≤e

(αi − βj) = Res(f, g).

íØ2.132. �R ´��Ïf©)�(UFD). Kf �g kúÏf��=�§�

�(ªRes(f, g) = 0.

y². ù´½n���íØ"

�R ´��, K = Frac R ´§�©ª�. -Vi´gê< i �K þõ�ª

�8Ü, KVi ´i �K-�5�m, ϕ(f, g) �±g,w¤K-�5N�

Ve × Vd −→ Vd+e,

(P,Q) 7−→ fP + gQ.
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EPdN��ϕ(f, g).

�d�5�ê�£, ·��

Res(f, g) 6= 0⇔ kerϕ = 0.

=k

·K2.133. �R ´��, f(x) Úg(x) ∈ R[x] ´�gêõ�ª.

(1) Res(f, g) = 0 ��=��3�"õ�ªP0(x) ∈ Pe ÚQ0(x) ∈ Pd, ¦
�fP0 + gQ0 = 0.

(2) �3õ�ªP1(x) ∈ Pe, Q1(x) ∈ Pd, ¦�

fP1(x) + gQ1(x) = Res(f, g).

�?�Ú/, o�±b�P1(x) ÚQ1(x) �Xê´fÚg �Xê��Xêõ�

ª.

y². Res(f, g) = 0 �du�3�"p(x) ∈ Ve, q(x) ∈ Vd ¦�

f(x)p(x) + g(x)q(x) = 0.

òp(x), q(x)�Xê?1Ï©,=�P0(x) ∈ Pe, Q0(x) ∈ Pd,¦�fP0 + gQ0 =

0.

(2)XRes(f, g) = 0,���P1 = Q1 = 0=�.XRes(f, g) 6= 0,�½Ve×Vd
�Ä{ei}ÚVd+e�Ä{ẽi} XÓ�!m©�Pe × PdÚPd+e�Ä, K

ϕ(f, g)(e0, · · · , ed+e−1) = (ẽ0, · · · , ẽd+e−1)A.

d�Res(f, g) = detA 6= 0, �K þ��5�§|

A


c0

c1
...

cd+e−1

 =


1

0
...

0


k��). d�40{K, d��)=(

ci =
detAi
detA

: 0 ≤ i < d+ e

)
,

Ù¥Ai´òÝ
A�1i�O��(1, 0, · · · , 0)T ��. �ci = as,bt ��Xêõ�ª
Res(f,g) .

-

p1(x) =

e−1∑
i=0

cix
i =

P1(x)

Res(f, g)
, q1(x) =

d−1∑
j=0

ce+jx
j =

Q1(x)

Res(f, g)
.
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KP1(x), Q1(x) �Xê´fÚg Xê��Xêõ�ª, �

fp1 + gq1 = 1,

=fP1 + gQ1 = Res(f, g).

S K

SK2.1. �R ´ìA�. y²M ´ìAR-���=�M´k�)¤R-�.

SK2.2. �R ´ìA�. y²Rn´ìAR-�.

SK2.3. �k´�. y²õ�ª�k[x]¥�¹k�f�Ñ´ìA�.

SK2.4. y²: R ´ìA���=�R¥z��n�Ñ´k�)¤�.

SK2.5. �Ñ~f, é���R 9ýn�I ( J ( R, J ´k�)¤��I Ø

´k�)¤�.

SK2.6. �R ´ìA�. y²�?ê�R[[x]]´ìA�.

SK2.7. �R ´ìA�, �é?¿a, b ∈ R, �3a Úb �úÏf´§���
5|Ü. y²: R ´PID.

SK2.8. �M´ìAR-�, KR/ann(M)´ìA�.

SK2.9. y²F�ËAÄ½n�_½n,=eR[x]´ìA�,KR�´ìA�.

SK2.10. y²~ 2.3(3)-(6)¥Ñy��Ø´ìA�, =

(1) �k ´�. õ�ª�k[xi]i∈I , Ù¥I ´Ã�8, Ø´ìA�.

(2) �k ´�. õ�ªk[x, y] �f�k + xk[x, y] Ø´ìA�.

(3) «m[a, b] þ¤k¢�ëY¼ê�¤��C([a, b]) Ø´ìA�.

(4) Ã�8X�Z/2Z�¼ê�N�¤��.

SK2.11. y²: R ´ìA���=�?¿k�)¤R-��f�Ñ´k�)

¤�.

SK2.12. �f : R→ T Úg : S → T ´��÷Ó�, R×T S = {(r, s) | f(r) =

g(s)} �Ùn�È. y²: eR �S ´ìA�, KR×T S �´ìA�.

SK2.13. �p´�ê. y²Z-�Z[ 1
p ]/Z ´CÉ�, Ø´ìA�.

SK2.14. y²k�)¤CÉ�´ìA�.

SK2.15. �M ´CÉ�, ϕ : M →M ´üÓ�. y²: ϕ ´Ó�.
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SK2.16. �M´ìAR-�, ϕ : M → M´R-�Ó�. y²�nv
��,

kerϕn ∩ imϕn = {0}. ddy²Xϕ�÷�, Kϕ´Ó�.

SK2.17. �S´���R�¦{8, M´k�)¤R-�. y²S−1M = 0 �

�=�sM = 0 é,�s ∈ S¤á.

SK2.18. y²: M ´²"R-���=�é¤kp ∈ Spec(R), Mp ´²"Rp-

�. ò�n���4�n�§d(ØE,¤á.

SK2.19. �N�N ′´�M�f�. y²N = N ′��=�é¤kR��n

�p, Np = N ′p. ò�n���4�n�§d(ØE,¤á.

SK2.20. �ϕ : M → N´R-�Ó�. y²ϕ´ü�½÷���=�éz��

n�p, p�N�ϕp : Mp → Np ´ü�½÷�. ò�n���4�n�§d(

ØE,¤á.

SK2.21. �p ⊆ q´Rþ�ü��n�.y²: Rp
∼= (Rq)pRq

= (Rq−pRq)−1Rq.

SK2.22. éu�M , ½ÂM �|8Supp(M) = {p ∈ SpecR | Mp 6= 0}. y
²:

(1) M = 0 ��=�Supp(M) = ∅.
(2) X0 → L → M → N → 0 ´R-��Ü�, KSupp(M) = Supp(L) ∪

Supp(N).

(3) �p ⊆ q ��n�. Xp ∈ Supp(M), Kq ∈ Supp(M).

SK2.23. �S´���R�¦{8, M,N´R-�. y²�3���S−1R-�

Ó�ϕ : (S−1M) ⊗S−1R (S−1N) ∼= S−1(M ⊗R N), ¦�ϕ((m/s) ⊗ (n/s′)) =

(m⊗ n)/ss′é?¿m ∈M, n ∈ NÚs, s′ ∈ S¤á.

SK2.24. �R´��, F´§�©ª�.y²: F´k�)¤R-���=�R =

F .

SK2.25. �D 6= 0´Ã²�Ïf�ê. Á¦�g�Q(
√
D)��ê�ê�.

SK2.26. �R ´�4��, S ´R þ�¦{8�0 /∈ S. y²S−1R �´�

4��.

SK2.27. �S/R ´�*Ü, s1, · · · , sm ∈ S. y²R[s1, · · · , sm] ´k�)

¤R-�.

SK2.28. �S/R ´�*Ü.

(1) XJ��a ∈ R 3S ¥´ü , y²a 3R ¥�´ü .

(2) y²éuä�ÙÜ�, k�ª: Jac(R) = R ∩ Jac(S).

SK2.29. �R ´��, S/R ´�*Ü. y²XR ¥�"�n�þ´4�n

�, KS ¥�"�n��Ñ´4�n�.
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SK2.30. �k ´�, R = k[x̄, ȳ] = k[x, y]/(x2− y3), t = x̄/ȳ ∈ Frac(R). y²:

Frac(R) = k(t), �R 3Ù¥��4�´k[t].

SK2.31. �E/Q´³Û�*Ü, α ∈ E´�ê�ê. y²é?¿σ ∈ Gal(E/Q),

σ(α) ´�ê�ê.

SK2.32. �R´�4��, F´§�©ª�.

(1) XK�F�*��a ∈ K, y²: a3Rþ���=�a3Fþ�ê�Ù

��õ�ªXê3R¥.

(2)d(1),y²: Xf(x)´RþÄ�õ�ª, f(x) = a(x)b(x),Ù¥a(x), b(x) ∈
F [x]�Ä�, Ka(x)Úb(x)þ3R[x]¥.

e¡o�SKy²·K 2.49.

SK2.33. �E/F ´n gk��*Ü, u ∈ E 3F þ���õ�ª´m(x) =

xm − cm−1x
m−1 + · · ·+ (−1)mc0, �u1, · · · , um ´m(x) ��. y²

trE/F (u) =
n

m
cm−1 =

n

m

∑
i

ui, NE/F (u) = c
n/m
0 = (

∏
i

ui)
n/m.

SK2.34. �?�Ú/, b�E/F ´�©*Ü, Ẽ ´E 3F þ��54�.

-G = Gal(Ẽ/F ), H = Gal(Ẽ/E), T ´G 'uH ���8�L�X. y²:∏
σ∈T

(x− σ(u)) = m(x)n/m,

l

trE/F (u) =
∑
σ∈T

σ(u), NE/F (u) =
∏
σ∈T

σ(u).

SK2.35. b�Óc. �{e1, · · · , en} ´E �F -Ä, �T = {σ1, · · · , σn}. y²:

det(t(ei, ej)i,j) = det(σ`(ei)`,i)
2.

SK2.36. �E/F ´�*Ü, σ1, · · · , σn ´E�F -gÓ�+Gal(E/F ) ¥�Ø

Ó�. y²e
∑
i ciσi(x) = 0 (ci ∈ E) é¤kx ∈ E ¤á, Kci ð�u0. dd

�ÑSK 2.35 ¥det(t(ei, ej)) 6= 0, l,/ªt ´�òzV�5..

SK2.37. �I, J´�R�n�. y²:

(1)
√
IJ =

√
I ∩ J =

√
I ∩
√
J .

(2)
√√

I =
√
I.

(3)
√√

I +
√
J =
√
I + J .

SK2.38. y²n�(x3 − y2)´�F2[x, y]¥��ªn�.

SK2.39. �p��n��p ⊇ I, y²: p ⊇
√
I.
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SK2.40. �R ´ìA�. y²: n�I ´�ªn���=�I ´k�õ��

n���.

SK2.41. ÁÞ~, ¦�:

(1) p ´�n�, �p2 Ø´O�n�.

(2) Q ´O�n�, �Q Ø´p =
√
Q ��g.

(3) I Ø´O�n��
√
I ´�n�.

SK2.42. y²½n 2.72: �R ´ìA�. KR �z�ýn�I þk4�O�

©)

I =

m⋂
i=1

Qi

�{
√
Q1,
√
Q2, · · · ,

√
Qm} dI ��û½.

SK2.43. y²é?¿�k, A1¥����ê8�A1, ∅ Úk �k�f8.

SK2.44. XJk = F2, V = {(0, 0), (1, 1)} ⊆ A2, y²I(V )´4�n�m1 =

(x, y)�m2 = (x− 1, y − 1) �¦Èm1m2.

SK2.45. ÁÞ~`²�k Ø´�êµ4��, ":½n�UØ¤á.

SK2.46. �V´An�k����ê8. y²: XV ����ê´m, Kk[V ]

��k-�êÓ�ukm.

SK2.47. �k ´k��. y²An �?¿f8þ´���ê8.

SK2.48. �f´�kþ���õ�ª, gê≥ 1. y²: I(Z(f)) = (f) ��=

�f ´k[x] ¥ØÓ�5Ïf�¦È.

SK2.49. �f, g ∈ k[x, y] �Ø��õ�ª�pØ'ë, =(f) 6= (g). y²:

Z((f, g))½ö´�8, ½ö´A2 ¥�k�8.

SK2.50. �V ⊆ An´���ê8, f ∈ k[V ]. f�ã´�8Ü

{(a1, · · · , an, f(a1, · · · , an)) | (a1, · · · , an) ∈ V }.

y²f�ã´An+1þ����ê8.

SK2.51. �V,W ´���ê8. y²V ×W �´���ê8,�k[V ×W ] ∼=
k[V ]⊗k k[W ].

SK2.52. �f : A → B ´�Ó�. -f∗ : Spec(B) → Spec(A) �N�p 7→
f−1(p). y²f∗ 3SpdÄÿÀe´ëYN�.

SK2.53. y²: g,Ó�ϕ : R→ R/nil(R)p��N�ϕ∗ : Spec(R/nil(R))→
Spec(R) ´Ó�.
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SK2.54. y²: k�)¤Z-�êXJ´�, K�½´k��.

SK2.55. (1) ©O�Ñk[x, y] ¥±i;SÚgê-i;Sc10 �ü�ª.

(2) ±i;SÚgê-i;S�Ñk[x, y, z] ¥¤k�≤ 2 �ü�ª.

SK2.56. ¦^gê-i;S¦:

(1) x mod [x− y, x− z] �x mod [x− z, x− y].

(2) x7y2 + x3y2 − y + 1 mod [xy2 − x, x − y3] Úx7y2 + x3y2 − y + 1

mod [x− y3, xy2 − x].

SK2.57. �cαXα ´�"ü�ª, f(X), g(X) ´k[X] ¥�õ�ª�§��

z��ÑØ�cαXα �Ø. y²f(X)− g(X)�z��ÑØ�cαXα �Ø.

SK2.58. �k[X]¥�n�I´ü�ªn�(monomial ideal),=´�§dü�

ªXα(1), · · · , Xα(q) )¤.

(1) y²f(X) ∈ I ��=�f �z��þ�,Xα(i) )¤.

(2) XG = [g1, · · · , gm] r �G �z, Kr /∈ [LT(g1), · · · ,LT(gm)].

SK2.59. �½k[X]¥��ü�ªS. �I´k[X]¥�n�, {g1, · · · , gm} ⊆ I.

Xé?¿�"f ∈ I, �3gi¦�LT(gi) | LT(f), y²I = (g1, · · · , gm). ù`²

3�ÛÙBÄ�½Â¥, ØI�b�I dg1, · · · , gm )¤.

±enKæ^gê-i;ü�ªS.

SK2.60. Á¦I = (x2−y, y2−x, x2y2−xy)��ÛÙBÄ¿�äx4 +x+1´

Ä3I¥.

SK2.61. �I = (y − x2, z − x3).

(1)�x < y < z,-≤lex´éA�gê-i;ü�ªS.y²{y−x2, z−x3}
Ø´I ��ÛÙBÄ.

(2)�y < z < x,-≤lex´éA�gê-i;ü�ªS.y²{y−x2, z−x3}
Ø´I ��ÛÙBÄ.

SK2.62. Á¦I = (xz, xy − z, yz − x)��ÛÙBÄ¿�äx3 + x + 1´Ä

3I¥.

SK2.63. �f(x) = xn + an−1x
n−1 + · · · + a0 ���α1, · · · , αn. -f ′(x) =

nxn−1 + (n− 1)an−1x
n−2 + · · ·+ a1 ´f(x)�/ª�©. y²:

Res(f, f ′) =

n∏
i=1

f ′(αi).

�?�Ú/, £�f(x) ��Oª(�5�êÆÄ:6)

D(f) =
∏

1≤i<j≤n

(αj − αi).

y²:

D(f) = (−1)n(n−1)/2Res(f, f ′).
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§3.1 ���þ��

3�Ö1�Ü©ÆS�Ø�, ·���b��´¹N���. ¯¢þ, �

�nØ�±ïá3�����/, =��±´����.

½Â3.1. �R ´¹N�, \{C��+M ¡��R-�´��3�¦N�

R×M −→M, (r,m) 7−→ rm,

÷vXe5�

(1) ð��: é?¿�m ∈M , þk1m = m;

(2) ©�Æ: éur, s ∈ R Úm,n ∈ M , �ª(r + s)m = rm + smÚr(m +

n) = rm+ rn¤á;

(3) (ÜÆ: éur, s ∈ R, m ∈M , (rs)m = r(sm) ¤á.

Ó�/, M¡�mR-�´��3m¦N�

M ×R −→M, (m, r) 7→ mr

÷vXe5�

(1)′ ð��: é?¿�m ∈M , þkm1 = m;

(2)′©�Æ:éur, s ∈ R, m,n ∈M ,�ªm(r+s) = mr+msÚ(m+n)r =

mr + nr¤á;

(3)′ (ÜÆ: éur, s ∈ R, m ∈M , m(rs) = (mr)s ¤á.

½Â3.2. �R��, R���(opposite ring) Rop ´���8ÜRop = R, §�

\{�R�\{��, �§�¦{◦ Xe½Âµr ◦ s = sr.

éu��, ·�kXe{ü5�:

·K3.3. �R ´¹N�, Rop´§���. K

(1) R������=�Rop = R.

(2) R = (Rop)op.

(3) eR´�Fþ��ê, KRop�´.

~3.4. �R ��, M��R-�, ½ÂN�

M ×Rop −→M, (m, r) 7−→ m ◦ r = rm.

KdN�´m¦N�, M�±À�mRop-�. AO/,eR´���,duRop =

R, �d���=m�= �.

aq/,eM´mR-�,·��±g,½ÂMþ��Rop-�(�. duR =

(Rop)op,·�Ï~�I�Ä����/. 8�XØAÏ`²,·�?Ø��Ñ

´��, ·�~~¡���¦N��ê¦N�.

107
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½Â3.5. �R�S��, M�\{C��+. M¡�(R,S)-V� ´�M Q´

�R-�, �´mS-�, �é?¿�r ∈ R, s ∈ S, m ∈ M , �ªr(ms) = (rm)s

ð¤á.

~3.6. ±��¦{���¦Úm¦N�,KRä�g,��R-�,mR-�Ú(R,R)-

V�(�.

½Â3.7. �R��, M��R-�. M�\{f+N¡�M�f� ´�N éu

ê¦µ4, =é?¿�r ∈ R Ún ∈ N , þkrn ∈ N .

~3.8. ·��Ñf���
~f:

(1) éu?¿�M , 0 = {0}ÚM´M�f�, ¡�²�f�.

(2)�R���R���f�I¡�R��n�(left ideal),d�é?¿�r ∈
R, þkrI ⊆ I; R��mR���f�J ¡�R�mn�(right ideal), d�é

?¿�r ∈ R, þkJr ⊆ J . XJIQ´�n�q´mn�, K¡I ´V>n

�(two-sided ideal), =Ï~½Â�n�, d�I ´(R,R)-V�R �f�.

½Â3.9. �"�M¡�ü�(simple module)½Ø���(irreducible module)

´�§vk�²��f�.

½Â3.10. XN´M�f�, 3û+M/NþÏLê¦N�

R×M/N −→M/N, (r,m+N) 7→ rm+N

����M/N¡�MéN�û�(quotient module).

½Â3.11. �M,N´R�. N�f : M → N ¡��Ó�(homomorphism of

modules) Xf �\{+Ó�, �é?¿r ∈ R, m ∈M , þkf(rm) = rf(m).

XÓ�f´ü�(÷�, V�), K¡f�üÓ�(÷Ó�, Ó�).

5¿�Xf �Ó�, Kf−1�´Ó�.

����þ���/, ·�kXe��Ó�½nÚéA½nµ

½n3.12 (Ó�Ä�½n). �f : M −→ N�R�Ó�,Kker f = f−1(0)´M�

f�, im f = f(M) ´N�f�, �fp�R �Ó�

f̄ : M/ker f
∼−→ im f,m+ ker f 7−→ f(m).

½n3.13 (1�Ó�½n). XS ÚT ´�M �f�, K�3R-�Ó�

S/(S ∩ T )
∼−→ (S + T )/T, s+ (S ∩ T ) 7−→ s+ T.

½n3.14 (1nÓ�½n). ��T ⊆ S ⊆M , K�3R-�Ó�

M/T

S/T

∼−→M/S, m+ T 7−→ m+ S.
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½n3.15 (éA½n). �T ´�M �f�, π : M →M/T ´g,ûN�. K

�3��éA

ϕ : {¥m�S | T ⊆ S ⊆M} −→ {M/T�f�},

S 7−→ S/T,

Ù_N��S 7→ π−1(S).�?�Ú/, S ⊆ S′ ��=�S/T ⊆ S′/T .

e¡½n(Ó�Ún, Schur Lemma)3L«ØïÄ¥å�
�'���

^.

½n3.16 (Ó�Ún). ü�m�?¿�"Ó�þ´Ó�.

y². �f : M1 → M2�ü�m��"Ó�. K��¡ker f 6= M1 �M1�f

�, �ker f = 0. ,��¡im f 6= 0 �M2�f�, �im f = M2. dÓ�Ä�½

n, ��f �Ó�.

½Â3.17. �M,N´R�. PHomR(M,N)�M�N ��Ó�8Ü,PEndR(M) =

HomR(M,M) �M �R-�gÓ�8Ü.

3HomR(M,N)¥½Â\{

f + g : M → N, m 7→ f(m) + g(m).

dd\{, HomR(M,N) �¤\{+.

3EndR(M)¥, ½Â¦{

f · g = f ◦ g : M
g−−→M

f−−→M.

dd\{Ú¦{, EndR(M)�¤�,¡�M�gÓ��(Endomorphism ring).

Ó�Ún�����íØ´

íØ3.18. eM´ü�, KEndR(M)´�Ø�.

éuHomR(R,M), �±3Ùþ½Â�¦

rϕ(u) = ϕ(ur), r ∈ R, ϕ ∈ HomR(R,M).

KHomR(R,M)´R�, �N´�Ñ

Ún3.19. N�HomR(R,M)→M , ϕ 7→ ϕ(1)´�Ó�.

½Â3.20. (1)�M´R�, (Mα)α∈I´M�f�8Ü, K§��Ú∑
α∈I

Mα = {
∑
α∈I

mα | mα ∈Mα, �mα�3k��α �"}

´M�f�.



110 1nÙ �ü�êÚk�+L«

(2)�(Mα)α∈I´R�8Ü, K§���È½Â�R�∏
α∈I

Mα = {(mα)α∈I | mα ∈Mα}.

§���Ú½Â�⊕
α∈I

Mα = {(mα)α∈I | mα ∈Mα��3k��α ?�"}.

·K3.21. (1) eI´k�8, K�Ú��È�Ó.

(2) eN1ÚN2´M�f�, KN1 +N2´�Ú, =N1 +N2
∼= N1

⊕
N2, �

�=�N1 ∩N2 = 0.

(3) -πk :
∏
α∈IMα → Mk, (mα)α∈I 7→ mk. Kπk ´÷Ó�, �÷v

�5�µXé?¿α ∈ I, þ�½�Ó�fα : X → Mi, K�3����Ó

�ϕ : X →
∏
α∈IMα, ¦�fα = πα ◦ ϕ. �Ò´`, ·�kXe���ãL:∏

α∈I
Mα

πα

��

X

∃ !ϕ
77

fα ((
Mα.

(4)-ιk : Mk →
⊕

α∈IMα, mk 7→ (0, · · · ,mk, · · · , 0). Kιk ´üÓ�, �

÷v�5�µXé?¿α ∈ I, þ�½�Ó�gα : Mα −→ Y , K�3����

Ó�ψ :
⊕

α∈IMα → Y , ¦�gα = ψ ◦ ια. �Ò´`, ·�kXe���ãL:⊕
α∈I

Mα

∃ !ψ

xx
Y

Mα.

gα

gg ια

OO

5P. 8�πα¡�
∏
α∈IMα�Mα�;�Ý�, ια ¡�Mα�

⊕
α∈IMα �;�

i\N�, ·K 3.21(3) �(4) =Ï~¿Âe�È�Ú�½Â.

5P. XI´k��I8,·�òØ«©�È��Ú,��P§��
⊕
α∈I

Mα. ·

�Pn�M��ÚM ⊕ · · · ⊕M = nM .

§3.2 +�L«

�Ùgd±��!, XÃAO`², ·�þb�F´�, G´+.
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½Â3.22. +G3�Fþ�+�(group ring), P�F [G], ´d¤k/X∑
g∈G

agg (ag ∈ F, g ∈ G�ag�3k��g ?�")

�/ªÚ�¤�8Ü, ¿��\{∑
g∈G

agg +
∑
g∈G

bgg =
∑
g∈G

(ag + bg)g

Ú¦{ ∑
g∈G

agg ·
∑
g∈G

bgg =
∑
g∈G

∑
h∈G

agbhgh =
∑
g∈G

(
∑
h∈G

ahbh−1g)g

�¤��.

·�Äk5¿�

(1) F [G]´F -�ê;

(2) F [G]´�����=�G´C��+;

(3) F [G]´±G�Ä�F -�5�m, �§��êk���=�G´k�+.

Ún3.23. �G´k�+, V´F [G]-�. KV´k�)¤F [G]-���=�V�

�F -�5�m�êk�.

y². w,.

½Â3.24. �V´F -�5�m. +G3Vþ�+�^¡��5�^(linear ac-

tion)´�éu?¿v, w ∈ V , g ∈ G, λ ∈ F , k

g(v + w) = gv + gw, g(λv) = λgv.

éu�5�mV , PGL(V )´¤kV�V��_�5C��¤�+, §´

gÓ��EndF (V )�ü +.

·K3.25. +G3�5�mVþ��5�^8Ü�G�GL(V )�+Ó�8Ü�

�éA.

y². Xρ : G −→ GL(V )´+Ó�, ½Â+�^g · v = ρ(g)(v), Kd�^´�

5�^. �L5, �½G3Vþ��5�^, ½Âρ(g)(v) = gv. Kρ(g)´V�g

���5C�, �duρ(g)ρ(g−1)v = v�ρ(g)�_.

½Â3.26. �G´+, F��. K(V, ρ) ¡�G�F -�5L«(linear representa-

tion)½ö{¡G�F -L«´�V ´F -�5�m¿��+Ó�ρ : G→ GL(V ),

TL«��ê´V��F -�5�m��êdimF V .
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·K3.27. �G´k�+, F´�. Ke�8Ü�3g,V�:

(1) G�k��F -L«8Ü;

(2) k��F -�5�m¿��G�5�^�8Ü;

(3) k�)¤F [G]-�8Ü.

y². (1)Ú(2)m�V�=c¡�·K.XV´k�)¤F [G]-�,KdÚn 3.23

�dimF V <∞, �

G× V −→ V, (g, v) 7−→ gv

´G3Vþ��5�^.

��, éuk��F -L«(V, ρ), ½Âê¦

F [G]× V −→ V,

(∑
g

agg, v

)
7−→

∑
g

agρ(g)(v).

KV´F [G]�, �´k�)¤�.

·K3.28. �G´k�+, F´�.�(V1, ρ1)�(V2, ρ2)´G�k��L«. Ke

�^��d:

(1) V1�V2��k�)¤F [G]-�Ó�.

(2) �3�_F -�5C�ϕ : V1 → V2¦�é¤kg ∈ G, þkρ2(g) =

ϕ ◦ ρ1(g) ◦ ϕ−1.

(3) �3�_F -�5C�

ϕ : V1 −→ V2, g · ϕ(v) = ϕ(g · v),

ùp�ª�>g ·ϕ(v)´G3V2þ��5�^, m>g · v´G3V1þ��5�^.

y². w,. 3�öS.

½Â3.29. �n ≥ 1. ¡+Ó�ρ : G→ GLn(F )�G�n�Ý
L«.

én�Ý
L«ρ1Úρ2, X�3�_Ý
P ¦�ρ1(g) = P−1ρ2(g)Pé?

¿g ∈ G¤á, K¡Ý
L«ρ1�ρ2Ó�.

·K3.30. �G´k�+, F´�. K�3��éA:

(1) G�n�L«Ó�a8Ü,

(2) G�n�Ý
L«Ó�a8Ü.

y². -Fn´F�n���þ�m. ��¡, Xρ : G → GLn(F )�+Ó�, d

uGL(Fn) = GLn(F ), ·���G �L«(Fn, ρ).

�L5, X(V, ρ)´n�L«, �{e1, · · · , en}´V ��|Ä, éug ∈ G,

-A(g) ∈ GLn(F )´�5C�v 7→ gv 3Ä{e1, · · · , en}e�Ý
, =

g(e1, · · · , en) = (e1, · · · , en)A(g).

Kρ̃ : G → GLn(F ), g 7→ A(g) ´+Ó�. X,À�|Ä, K���d�Ý


L«. ù�½Â�éAò(1)¥�Ó�a�(2)¥�Ó�a�Óå5.
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ly3m©,·�b�F��, G�k�+. G�F -L«´�Xe�n«�

d½Âµ

(1) (V, ρ): V´k��F -�5�m, ���+Ó�ρ : G→ GL(V ),

(2) k��F -�5�mV , ¿��G����5�^,

(3) k�)¤F [G]-�.

X�½V��|Ä, K(V, ρ)�ÑÝ
L«ρ̃ : G → GLn(F ), Ù¥n = dimF V .

ØÓÄ�Ñ�Ý
L«�d, =�3�_
P , P ρ̃(g)P−1 = ρ̃′(g) é?¿g ∈
G¤á.

½Â3.31. (1) W´L«V�fL«(sub-representation)´�W ´V�F [G]-f

�, ½�d/`, G 3Vþ��5�^éW µ4, =gW ⊆ W é?¿g ∈ G ¤
á.

(2)L«V¡�Ø��L«(irreducible representation) ´�V��F [G]-�

´ü�.

~3.32. (1) V = F¿��²��^, dL«¡�²�L« (trivial representa-

tion). ²�L«g,´Ø��L«. �?�Ú/, ?Û1�L«Ñ´Ø��L

«.

(2) �X´k�G-8. -

F [X] =

{
/ªÚ

∑
x∈X

axx | ax ∈ F, x ∈ X

}
,

¿½Â

g
(∑
x∈X

axx
)

=
∑
x∈X

ax(gx) =
∑
x∈X

ag−1xx.

KF [X]´�ê�|X|�GL«,¡�X���L« (permutation representation).

(3)3þ~¥-X = G,K+�F [G]´G�FL«,¡�G��KL« (reg-

ular representation). §kü�fL«:

N =
〈∑
g∈G

g
〉 ∼= F Ú I =

{∑
g∈G

agg |
∑
g

ag = 0
}
.

ùpI´Ó�deg : F [G] → F,
∑
g agg 7→

∑
g ag�Ø, ¡�F [G]�O2n�

(augmentation ideal).

�UÚV´G�F -L«,KHomF (U, V )ÚU⊗FVþ´F -�5�m. éuϕ ∈
HomF (U, V ), ½Â

(gϕ)(u) = g(ϕ(g−1u)).

K(g, ϕ) 7→ gϕ´G3HomF (U, V ) þ��5�^. �ÄN�

αg : U × V −→ U ⊗F V, (u, v) 7−→ (gu)⊗ (gv).
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Kαg ´F -V�5N�, §p�F -�5N�

α̃g : U ⊗F V −→ U ⊗F V, u⊗ v 7−→ (gu)⊗ (gv).

½Âg.(u ⊗ v) = α̃g(u ⊗ v) = (gu) ⊗ (gv), K·���G3U ⊗F Vþ��5�
^. �HomF (U, V ) �U ⊗F V þ´G �F -L«.

½Â3.33. éuG�F -L«U , HomF (U,F ) ¡�U �éóL«(dual represen-

tation), P�U∗.

·K3.34. �U, V´G�F -L«. KN�

Γ : U∗ ⊗F V −→ HomF (U, V ), ϕ⊗ v 7−→ (u 7→ ϕ(u)v)

´L«m�Ó�.

y². ÄkN�

U∗ × V −→ HomF (U, V ), (ϕ, v) 7−→ (u 7→ ϕ(u)v)

´F -V�5N�, �§p��N�Γ ´½ÂûÐ�F -�5N�. ·��y

²Γ´ü�Ú÷�, �´F [G]-�Ó�.

�{u1, · · · , un}´U��|Ä, {u∗1, · · · , u∗n}´U∗�éóÄ,=u∗i (uj) = δij .

�U∗ ⊗F V¥���±��∑
k

(

n∑
i=1

βiku
∗
i )⊗ vk =

n∑
i=1

u∗i ⊗ (
∑
k

αikvk)

�/ª, =
∑
i u
∗
i ⊗ vi�/ª, Ù¥vi ∈ V . du

Γ(
∑
i

u∗i ⊗ vi)(uj) = vj ,

�eΓ(
∑
i u
∗
i ⊗ vi) = 0, Kvi = 0, ¤±

∑
i u
∗
i ⊗ vi = 0. =Γ �ü�. Xσ ∈

HomF (U, V ), Ké?¿uj ,Γ(
∑
i u
∗
i ⊗ σ(ui))(uj) = σ(uj). �Γ �÷�.

du

Γ(g(ϕ⊗ v))(u) =Γ(gϕ⊗ gv)(u) = (gϕ)(u) · (gv)

=g(ϕ(g−1u)) · (gv) = ϕ(g−1u) · (gv),



(gΓ(ϕ⊗ v))(u) =g(Γ(ϕ⊗ v)(g−1u)) = g(ϕ(g−1u)v)

=ϕ(g−1u) · (gv),

�Γ´�Ó�.
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½n3.35 (ê��, Maschke). ��F�A��0½�G��p�. éu?¿L

«V , XU ´V �ýfL«, K�3fL«W , ¦�V = U ⊕W . �ó�, G�

?¿FL«�fL«þ´�Ú�.

y². �π : V → U�F �5�mm���Ý�. -

π′ : V −→ V, v 7−→ 1

|G|
∑
g∈G

gπ(g−1v).

dπ(g−1v) ∈ U�π′(v) ∈ U , =π′´V�U��5N�. éuu ∈ U , π(g−1u) =

g−1u, �π′(u) = u, =π′|U = Id. AO/, π′�÷�. ��F -�5�m, ·

�k�ÚV = U ⊕ kerπ′. ��y²kerπ′ �V�fL«=�, ù�duy

²π′´F [G]-�Ó�, =yé?¿x ∈ G Úv ∈ V , þkπ′(xv) = xπ′(v). �

π′(xv) =
1

|G|
∑
g∈G

gπ(g−1xv) =
1

|G|
x(
∑
g∈G

(x−1g)π(g−1xv))

=x(
1

|G|
∑

h=x−1g∈G

hπ(h−1v)) = xπ′(v),

�½n�y.

½Â3.36. X�M´ü���Ú, K¡M��ü�(semisimple module).

íØ3.37. XF�A��0½�|G|p�, KG ��"F -L«þ´Ø��L«�

�Ú. �d/`, ?¿k�)¤�"F [G]�´�ü�.

§3.3 �ü�ê

3�!, �F´�, A´k��F -�ê. �¤kA�þ´k�)¤�, =´

k��F -�5�m.

Ún3.38. �M´A�. Ke�äó�d:

(1) M�?¿f�þ´M��Ú�.

(2) M´�ü�.

(3) M´üf��Ú.

y². (1)⇒ (2) ⇒ (3) w,. ey(3) ⇒ (1).

�N´M�f�. -V´M�f�, �´�N��²��¤kf�¥�4

��. ·��yM = N ⊕ V = N + V . XØ,, duM´üf��Ú, ��3

üf�S, S * N + V . �duS´ü�, �S ∩ (N + V ) $ S, �§�U´0, ù

`²N ∩ (V + S) = 0. duV $ V + S, ù�V�4�5gñ.

Ún3.39. �ü��f�Úû�Ñ´�ü�.
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y². XN´�ü�M�f�, K�3W , M = N ⊕W , �N ∼= M/W ´M�

û�. ���éû�´�ü�y²=�.

XM�ü, KM = S1 + · · · + Sn. Ù¥Si�ü�. -π : M −→ M/N�g

,N�, Kπ(Si) = (Si + N)/N ∼= Si/Si ∩N . �π(Si)Ó�uSi½öπ(Si) = 0.

¤±M/N = π(S1) + · · · + π(Sn) ´ü��Ú. dc¡Ún=�M/N´�ü

�.

½Â3.40. X�êA��"A�þ´�ü�, K¡A´�ü�ê(semisimple al-

gebra).

~3.41. XG�k�+, charF = 0½�|G| p�, ê��½n=´`+�F [G]

´�üF -�ê.

Ún3.42. A´�ü�ê��=�§��A�´�ü�.

y². ��¡, XA´�ü�ê, d½Â=�§��A�´�ü�. ,��¡,

XA�´�ü�, Kéu?¿��ên, gd�An �´�ü�, ?¿k�)

¤A �´An �û�, ��´�ü�.

·K3.43. �A´�ü�ê, ���A�, A ∼= S1⊕ · · · ⊕Sr, Ù¥Si�ü�. K

?¿üA�þÓ�u,�Si.

y². �S�ü�, 0 6= s ∈ S. -ϕ : A → S, a 7→ as. Kϕ �÷Ó�. -ϕi =

ϕ|Si : Si → S. Kϕi Ø��0. dSchurÚn, Xϕi 6= 0, Kϕi : Si ∼= S.

·K3.44. X{S1, · · · , Sr}´�ü�êA�¤k�Ó�ü��8Ü.éuA-�M ,

XM ∼= n1S1 ⊕ · · · ⊕ nrSr, K{ni}ri=1 ´��(½�.

y². �ϕ : n1S1⊕ · · · ⊕nrSr ∼= m1S1⊕ · · · ⊕mrSr. �ymi = ni éu1 ≤ i ≤
rþ¤á. -

ϕij : niSi
βi−→ n1S1 ⊕ · · · ⊕ nrSr

ϕ−→ m1S1 ⊕ · · · ⊕mrSr
αj−→ mjSj ,

Ù¥αj , βi©O´�ÈÚ�Ú½Â�Ý�ÚS�. Kei 6= j,du?Ûψ : Si →

Sj�"Ó�. d�Ú��È��5�, �ϕij = 0. �ϕ =
r⊕
i=1

ϕii. duϕ´Ó

�, �ϕii : niSi → miSi�´Ó�. '��ê=�mi = ni.

½Â3.45. X�Ø�D´F -�ê, ¡D�F -�Ø�ê(division algebra).

·�e¡�D´�Ø�ê. éun > 0, Dþ�n�Ý
�¤��Mn(D)�

´F -�ê. -Dn = {(v1, · · · , vn)T | vi ∈ D} L«Dþ�n���þ�m. KÏ

LÝ
¦{, Dn´g,�Mn(D)-�.

-Eij ∈Mn(D),§3(i, j) ��1,Ù{ ��0. -Pij = In−Eii−Ejj+

Eji + Eij�é�(i, j)éA���Ý
. -ei ∈ Dn, §31i� ��1, Ù{ 

��0.
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½n3.46. �D´�Ø�ê, n > 0, K�Mn(D)´�ü�ê, §�ü�þÓ�

uDn, Mn(D) ��Mn(D)-�Ó�unDn.

y². kyDn´üMn(D)�. �N´Dn��"f�. ev = (v1, · · · , vn)T ∈
N , v 6= 0, Ø�-vj 6= 0, K(v−1

j Eij) · v = ej ∈ N . 2duPijej = ei ∈ N , ¤

±N = Dn. �Dn´üMn(D)�.

éu1 ≤ k ≤ n, -Ck´Mn(D)¥31k�	þ�"�Ý
8Ü. KCk

´Mn(D) �f�, Ck ∼= Dn, �Mn(D) ∼=
n⊕
k=1

Ck ∼= nDn. �Mn(D)´�ü�

ê, �Dn ´���üMn(D)�.

½Â3.47. X�ê�k²��V>n�, =§���´ü�, K¡T�ê�ü

�ê(simple algebra).

Ún3.48. ü�êÑ´�ü�ê.

y². �A´ü�ê, Σ´A�¤küf��Ú.XS�A�üf�, a ∈ A. Kϕ :

S → Sa, s 7→ sa���÷Ó�, �½öSa = 0½Sa ∼= S�ü�. ¤±o

kSa ⊂ Σ, =Σ´A�V>n�. duA´ü�êΣ 6= 0, �Σ = A. ¤±A´

�ü�, ���ü�ê.

½n3.49. �D��Ø�ê, KMn(D)´ü�ê.

y². ��yé?¿0 6= M ∈Mn(D), M)¤�n�J = Mn(D). ù�duy

²é?¿1 ≤ i, j ≤ n, ÑkEij ∈ J . �M = (mij)�mrs = a 6= 0. K

Ess = (a−1Esr) ·M · Ess ∈ J.

éu���¹,

Eij = PisEssPsj ∈ J.

½n�y.

Ún3.50. �êB���êBop�§�gÓ��êEndB(B) = Hom(B,B) Ó

�.

y². �ϕ ∈ EndB(B), a = ϕ(1). Kϕ(b) = bϕ(1) = baé?¿b ∈ B¤á.

=ϕ = ρa = (b 7→ ba). ¤±EndB(B) = {ρa | a ∈ B}. N�ρ : Bop →
EndB(B), a 7→ ρa ÷v

(1) ρ1 = Id;

(2) ρa + ρb = ρa+b;

(3) ρaρb = ρa◦b (ù´duρaρb(x) = ρa(xb) = xba = ρba(x) = ρa◦b(x));

(4) ρ�V���±�ê(�.

�ρ��êÓ�.
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Ún3.51. (1)�S´ü�,KD = EndA(S)´�Ø�ê�EndA(nS) ∼= Mn(D).

(2) XS1, · · · , Sr´pØÓ��ü�, Ui = niSi, Di = EndA(Si). K

EndA(U1 ⊕ · · · ⊕ Ur) ∼= Mn1(D1)⊕ · · · ⊕Mnr (Dr).

y². (1) D´�Ø�ê´Ó�Ún�(Ø.

ònSw�n���þ�mSn. éuΦ = (ϕij) ∈Mn(D), -

Γ(Φ)


s1

...

sn

 = Φ


s1

...

sn

 =


ϕ11(s1) + · · ·+ ϕ1n(sn)

...

ϕn1(s1) + · · ·+ ϕnn(sn)

 .

KΓ(Φ) ∈ EndA(nS). ·����êÓ�

Γ : Mn(D) −→ EndA(nS).

XΓ(Φ) = 0, �si 6= 0éuj 6= i �sj = 0. K

(ϕ1i(si), · · · , ϕni(si))T = 0.

dsi�?¿5, ϕ1i = · · · = ϕni = 0. �Φ = 0, Γ �ü�.

eΨ ∈ EndA(nS), éu1 ≤ i ≤ n, -

Ψ((0, · · · , si, · · · , 0)T ) = (ψ1i(si), · · · , ψni(si))T .

Kψij ∈ EndA(S) = D. -Φ = (ψij). KΓ(Φ) = Ψ. �Γ�÷�.

(2) -U = U1 ⊕ · · · ⊕ Ur. éuφ ∈ EndA(U), -

φij = (Ui −→ U
φ−→ U −→ Uj).

Ké?¿i 6= j, φij = 0. �φ =
r⊕
i=1

φii. d(1)=��y.

Ún3.52. XF´�êµ4�, S´ü�, KEndA(S) ∼= F .

y². Xφ ∈ EndA(S), �λφ�φ���5C����A��, Kφ − λφIdS ∈
EndA(S),�§k�"Ø,�Ø�U�Ó�. dÓ�Ún�φ−λφIdS = 0,=φ =

λφIdS . ù�φ 7→ λφ ½Â
EndA(S) �F�Ó�.

Ún3.53. Mn(B)op ∼= Mn(Bop).

y². ½ÂN�

ψ : Mn(B)op −→Mn(Bop), X 7−→ XT .
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Kψw,´V�, ��±\5. -X = (xij), Y = (yij), K

(ψ(X)ψ(Y ))ij =(XTY T )ij =

n∑
k=1

xki ◦ yjk

=

n∑
k=1

yikxki = (Y X)ji

=(Y X)Tij = (X ◦ Y )Tij

=ψ(X ◦ Y )ij .

�ψ´�êÓ�.

½n3.54 (��Ë�, Wedderburn). �êA´�ü�ê��=�A ∼=
r⊕
i=1

Mni(Di),

Ù¥Di´�Ø�ê.

y². ⇐= ®y.

=⇒ XA�ü, KA ∼= U1 ⊕ · · · ⊕ Ur, Ui = niSi, Si´pØÓ��ü�. �

Aop ∼= EndA(A) ∼= Mn1
(EndA(S1))⊕ · · · ⊕Mnr (EndA(Sr)).

�

A = (Aop)op ∼= Mn1(EndA(S1)op)⊕ · · · ⊕Mnr (EndA(Sr)
op).

2d�Ø�ê���ê�´�Ø�ê=�.

·K3.55. �A1, A2, · · · , An´�ü�ê, {Si1, · · · , Siti} ´Ai�¤küf�Ó
�a�L�. KA1 ⊕ A2 ⊕ · · · ⊕ An�´�ü�ê, §�üf�Ó�a�L�

�{S̃ij = (0, · · · , Sij , · · · , 0) | 1 ≤ i ≤ n, 1 ≤ j ≤ ti}.

y². d8B{, ��yn = 2��/=�.

�J�A1 ⊕ A2�f�. ÀA1 = A1 ⊕ {0}, A2 = {0} ⊕ A2 -Ji = J ∩ Ai.
KJi�Ai�f�,�J1⊕J2 ⊂ J . ,��¡,e(a1, a2) ∈ J ,K(1, 0)·(a1, a2) ∈ J ,

�(a1, 0) ∈ J1. Ón(0, a2) ∈ J2. �(a1, a2) ∈ J1 ⊕ J2. �A1 ⊕ A2�f�þ

kJ1 ⊕ J2�/ª. ?Ûù�/ª�8Ü�´A1 ⊕A2 �f�, ¤±A1 ⊕A2 �

üf�þkS1 ⊕ {0} ½{0} ⊕ S2 ù��/ª, Ù¥S1 ÚS2 ©O�A1�A2 �

üf�. duA1 ÚA2 þ�g��üf��Ú, A1 ⊕ A2�´§gC�üf�

�Ú. �A1 ⊕A2 ´�ü�ê.

y3�IyXS1, S2©O�A1�A2�üf�,KS1⊕{0}�{0}⊕S2ØÓ�.

XØ,,�φ : S1⊕{0} −→ {0}⊕S2�A1⊕A2-��Ó�. ��3s1 ∈ S1, s1 6= 0,

¦�φ((s1, 0)) = (0, s2) 6= 0. �,��¡,

φ((s1, 0)) = φ((1, 0)(s1, 0)) = (1, 0)φ((s1, 0)) = (1, 0)(0, s2) = 0.

gñ. �uS1�S′1�A1�ØÓ�üf�,w,S1⊕{0}�S′1⊕{0}��A1⊕A2-

��ØÓ�.
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íØ3.56. �A ∼= Mn1
(D1) ⊕ · · · ⊕Mnr (Dr)´�ü�ê. KA �üf�Ó�

aTkr�.-Si = Dni
i �Mni(Di)����üf�,K{S̃1, · · · , S̃r}´A�üf

�Ó�a�L�, Ù¥

S̃i = {0} ⊕ · · · ⊕ Si ⊕ · · · {0}.

�dimF S̃i = dimF Sio´ni��ê, ��F��êµ4��, dimF S̃i = ni.

§3.4 k�+�A�InØ

3�!, ·��G�k�+. F = C�Eê�.

d��Ë�½n9ÙíØ,

½n3.57. ��C-�ê,

C[G] ∼= Mf1(C)⊕ · · · ⊕Mfr (C).

§TÐkr�ü�Ó�a(=Ø��fL«�Ó�a). X-{V1, · · · , Vr} �Ù
�L�, -V1 = C´²�L«, K

C[G] ∼= f1V1 ⊕ · · · ⊕ frVr, dimVi = fi.

?ÛG�CL«Vþ����¤Xe/ª

V ∼= a1V1 ⊕ · · · ⊕ arVr, ai ∈ Z≥0.

5P. duV1 = C , f1 = 1.

íØ3.58. |G| = f2
1 + · · ·+ f2

r = 1 + f2
2 + · · ·+ f2

r .

e¡·�(½pØÓ��Ø��L«��êr�(��.

½n3.59. r�uG��Ýa�ê.

y². -Z´C[G]�¥%, K

Z ∼=
r⊕
i=1

Z(Mfi(C)).

�d�5�ê, ·���

Z(Mfi(C)) = {λIfi | λ ∈ C} ∼= C.

�Z ∼= Cr, dimC Z = r.

,��¡. �K1, · · · ,Ks�G�¤k�Ýa. Xx =
∑
g λgg ∈ Z, dhx =

xh�λg = λhgh−1é?¿h ∈ G¤á. �éug ∈ Ki, λg = ci�~�. ¤±

x = c1
∑
g∈K1

g + · · ·+ cs
∑
g∈Ks

g.

�L5,ù��/ª�xo3Z¥. �Z´±{
∑
g∈K1

g, · · · ,
∑
g∈Ks g}�Ä�s�

E�5�m, �r = s = G ��Ýa�ê.
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½Â3.60. �(V, ρ)´G�L«. V�A�(character) ´�¼ê

χV : G −→ C, χV (g) = tr(ρ̃(g)) = trρ(g),

Ù¥ρ̃ �VéA�Ý
L«.

5P. ¦+ρ̃�/ª�V�Ä�À�k', �ØÓ�ρ̃(g) �q, �,tr(ρ̃(g)) �

Ä�À�±9ρ̃�äN/ªvk'X.

X(V, ρ) ∼= (V ′, ρ′), Kρ′(g) = ϕρ(g)ϕ−1, Ù¥ϕ : V → V ′ ´�_�5C

�, ÏdχV (g) = χV ′(g). �Ó��L«k�Ó�A�.

ÄuÓ��nd, ·���χV (g) = χV (hgh−1), �χV3G ��Ýaþ�

��~ê.

½Â3.61. X¼êf : G→ C3G��Ýaþ���~�,K¡f�a¼ê(class

function).

¤ka¼ê8Ü�¤�r�E�5�m, ¡�G �a¼ê�m, P�Cl.

½Â3.62. Pχi = χVi (i = 1, · · · , r),Ù¥V1, · · · , Vr ´G�¤kØÓ�Ø��
L«. AO/,²�L«�A�P�χ1, ¡�G�ÌA�(principal character).

�KL«�A�¡�G��KA� (regular character).

1�L«�A�¡��5A�(linear character).

Ún3.63. z��5A�´G�¦{+C×�Ó�. ØÓ��1�L«éAØ

Ó��5A�. ¤k�5A��8Ü=Hom(G,C×) ∼= Hom(G/G′,C×) =

Hom(G/G′, S1), ùpG′ ´G �� f+, S1 ´ü �.

y². eV = Cx ´1 �L«, Kgx = λgxé,�λg ∈ C×¤á. d(gh)(x) =

g(h(x)) =�λgλh = λgh. Ïd¼êχV : g 7→ λg ´G�C×�+Ó�.

eχV = χV ′ , -ϕ : V = Cx→ V ′ = Cx′��5N�, ¦�ϕ(x) = x′. K

ϕ(gx) = ϕ(λgx) = λgϕ(x) = λgx
′ = gϕ(x)

�ϕ´L«V�V ′�Ó�.

�χ ∈ Hom(G,C×). -V = Ce�1 �E�m. é?¿λ ∈ C, ½Âg(λe) =

λχ(g)e. N´�yG3Vþ��^´�5�^,�V´G�EL«�χV = χ.

·K3.64. �(V, ρ)´G�n�L«, g ´G¥m��. K

(1) ρ(g)�é�z, A��þ�mgü �.

(2) χV (g)´n�mgü ��Ú.

(3) χV (g−1) = χV (g).

(4) |χV (g)| ≤ n.
(5) {g ∈ G | χV (g) = n}´G��5f+.
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y². (1) dgm = 1�ρ(g)m − IdV = 0, �ρ(g)k"zõ�ªXm − 1 = 0, d

õ�ªÃ�, ¤±ρ(g)�é�z, �ÙA��þ�mgü �.

(2) d(1)á�.

(3) ù´duXλ ∈ C, |λ| = 1. Kλ−1 = λ̄, 2d(2)=�.

(4) w,.

(5) ù�8Ü=ker (ρ).

·K3.65. �U, V´G�ü�L«, K

(1) χU⊕V = χU + χV .

(2) χU⊗V = χU · χV .
(3) χU∗ = χU , Ù¥U∗´U�éóL«HomC(U,C).

(4) χHom(U,V ) = χU · χV .

y². (1)�U��|Ä{e1, · · · , em}, V��|Ä{f1, · · · , fn}. K{e1⊕0, · · · , em⊕
0, 0⊕ f1, · · · , 0⊕ fn} ´U ⊕ V�Ä. 3dÄe

ρU⊕V (g) =

(
ρ U (g) 0

0 ρ V (g)

)
.

�χU⊕V = χU + χV .

(2)duρU (g)�ρV (g)�é�z,���U �Ä{e1, · · · , em},Ù¥ei´ρU (g)

�±λi �A���A��þ, �V �Ä{f1, · · · , fn}, Ù¥fj ´ρV (g) ±µj �

A���A��þ. K{ei⊗ fj | 1 ≤ i ≤ m, 1 ≤ j ≤ n}´U ⊗V�Ä,�ei⊗ fj
´ρU⊗V (g) ±λiµj �A���A��þ. ¤±

χU⊗V (g) =
∑

1≤i≤m

∑
1≤j≤n

λiµj = χU (g) · χV (g).

(3) �{e1, · · · , em}´U��|dρU (g)�A��þ|¤�Ä, ρU (g)(ei) =

λiei. -{e∗1, · · · , e∗m}´U∗�éóÄ. �d

(ge∗i )(ej) = e∗i (g
−1ej) = λ−1

j δij

�ρU∗(g)(e∗i ) = ge∗i = λ−1
i e∗i . ¤±

χU∗(g) =

m∑
i=1

λ−1
i =

m∑
i=1

λi = χU (g).

(4) ù´duHom(U, V ) ∼= U∗ ⊗ V .

íØ3.66. +G�?¿L«V�A�χV´Ø��A�χi = χVi (i = 1, · · · , r)�
�K�ê�5|Ü.

éua¼êα, β ∈ Cl, ½Â

(α, β) =
1

|G|
∑
g∈G

α(g)β(g).
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·K3.67. ( , )´E�5�mClþ�SÈ, =÷v

(1) �½5: (α, α) ≥ 0é¤kα ∈ Cl ¤á, ��Ò¤á��=�α = 0.

(2) �Ýé¡5: (α, β) = (β, α).

(3) �55µ(λα1 + µα2, β) = λ(α1, β) + µ(α2, β)é¤kλ, µ ∈ C Úα, β ∈
Cl¤á.

y². {ü�y.

Ún3.68. �V´G�EL«, V G = {v ∈ V | gv = vé¤kg ∈ G¤á}. K

dimC V
G =

1

|G|
∑
g∈G

χV (g).

y². Pa = 1
|G|
∑
g∈G g ∈ C[G], Kga = aé¤kg ∈ G ¤á, �a2 = a. �5

C�

ρa : V → V, v 7→ av

÷vρ2
a−ρa = 0,��±é�z,�§�õkü�A��: 0Ú1. �V = V1⊕V0,

Ù¥V1´1�A�f�m, V0´0�A�f�m. ev ∈ V1, Kav = v, gv =

gav = av = v, �v ∈ V G. �L5, Xv ∈ V G, g,kav = v. ¤±V1 = V G. ·

��

tr(ρa) = dimC V1 = dimC V
G.

,��¡ρa = 1
|G|
∑
g∈G ρ(g), �tr(ρa) = 1

|G|
∑
g∈G χV (g). Ún�y.

½n3.69. �U ÚV´G�EL«, K

(χU , χV ) = dimC HomC[G](U, V ).

y². ÀHomC[G](U, V )�HomC(U, V )�f�m. eϕ ∈ HomC[G](U, V ), g ∈ G,

K

(gϕ)(u) = g(ϕ(g−1u)) = gg−1ϕ(u) = ϕ(u).

�ϕ ∈ HomC(U, V )G. �L5ù�´é�. Ïd

HomC[G](U, V ) = HomC(U, V )G.

dÚn 3.68=�

dimC HomC[G](U, V ) = dimC HomC(U, V )G

=
1

|G|
∑
g∈G

χHomC(U,V )(g)

=
1

|G|
∑
g∈G

χU (g)χV (g)

=(χV , χU ).

�(χU , χV ) = (χV , χU ) = dimC HomC[G](U, V ).
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1 k2 · · · kr

1 g2 · · · gr

χ1 1 1 · · · 1

χ2 f2 χ2(g2) · · · χ2(gr)
...

...

χr fr χr(g2) · · · χr(gr)

L 3.1: A�ILX

½n3.70. {χ1, · · · , χr}´SÈ�mCl�IO��Ä. �z�A�χV��χ1 ,

· · · , χr��K�Xê�5|Ü��ª��, L«V´d§�A�χV��(½.

y². ��y(χi, χj) = δij =�. �dSchurÚn,

(χi, χj) = dimC HomC[G](Vi, Vj) =

1, eVi = Vj ,

0, ÄK.

�½n�y.

§3.5 A�IL

§3.5.1 Ä�5�

dþ!·���?Û��L«V´d§�A�χV (3Ó�¿Âe)��(

½, z�χVþ´Ø��A�χi��K�Xê�5|Ü. ÏdXJ·�U(

½¤kØ��A�, ·�éG�L«Òk
'����@£.

½Â3.71. �G´k�+, G��ÝaP�K1 = {1}, K2, · · · ,Kr,Ù¥Ki��

´ki, gi´§����L�. G�Ø��A�8ÜP�{χ1, χ2, · · · , χr},Ù¥χ1

´ÌA�. KG�A�IL(character table) =r × rãLX = (χi(gj))1≤i,j≤r,

XL3.1 ¤«. ·��½χi¤3�1´A�IL�1i1, gj ¤3��´§�

1j �.

5P. �±wÑfi = dimVi=Vi��ê, ki = (G : ZG(gi))=gi �¥%z

fZG(gi) 3+G¥��ê.

Äk, þ!����½n(½n3.70)�±Lã�

½n3.72 (1��'X, Row Orthogonality Relation).

(χi, χj) =
1

|G|
∑
g∈G

χi(g)χj(g) =
1

|G|

r∑
t=1

ktχi(gt)χj(gt) = δij .
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íØ3.73. Xα =
∑
i aiχi, β =

∑
i biχi´a¼ê, Ù¥ai, bj ∈ C, K

(α, β) =
∑
i

aib̄i.

íØ3.74. �V ´G �EL«, -ni = (χV , χi), K

χV =

r∑
i=1

niχi,

�V ∼=
r⊕
i=1

niVi.

íØ3.75. Xα´G�A�, �(α, α) = n ≤ 3, Kα´n�pÉØ��A��Ú.

��, é?¿n, Xα´n�pÉØ��A��Ú, K(α, α) = n.

y². Xα =
∑r
i=1 aiχi, K

∑r
i=1 a

2
i = n ≤ 3. dai��K�ê�ai = 0½1,

α�n�Ø��A��Ú. ��w,.

·K3.76. Xα´�5A�, χ´Ø��A�, Kαχ�´Ø��A�.

y². ��y(αχ, αχ) = 1. ¯¢þ

(αχ, αχ) =
1

|G|
∑
g∈G

α(g)χ(g)α(g)χ(g)

=
1

|G|
∑
g∈G

α(g)χ(g)α(g)−1χ(g)

=(χ, χ) = 1.

½n3.77 (���'X, Column Orthogonality Relation).

r∑
t=1

χt(gi)χt(gj) =
|G|
ki
δij = |ZG(gi)|δij .

y². ÀX = (χi(gj))1≤i,j≤r�r × rÝ
. K1��'X`²

X


k1

|G|
0

. . .

0
kr
|G|

X
T

= Ir.

¤±

X−1 =


k1

|G|
0

. . .

0
kr
|G|

X
T
.
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� 
k1

|G|
0

. . .

0
kr
|G|

X
T
X = Ir.

Ðm=����'X.

§3.5.2 O�¢~

þ¡�!�(J�Ñ
·�¦G�A�IL��
�Ä��{.

(1) d'Xª|G| =
r∑
i=1

f2
i¦��êfi�&E;

(2) ÏLHom(G,C×)���5A��&E;

(3) |^1Ú���'X;

(4) l�
N´���L«�A�¦§÷v�'Xª;

(5) dØ��A�¦±�5A���#�Ø��A�.

·�5w�
~f

~3.78 (Ì�+). �G ∼= Z/nZ, g´§���)¤�. �ζn�ng��ü �.

-

χ : G→ C×, g 7→ ζn.

Kχi (0 ≤ i ≤ n− 1) ´G �n �ØÓ��5A�, r ≤ n, �G�¤kØ��

A��{χi | 0 ≤ i ≤ n− 1} , Ù¥χi(gj) = ζijn .

~3.79 (k�C��+). dk�C��+(�½n

G ∼= Z/n1Z
⊕
· · ·
⊕

Z/nsZ.

§�k|G| = n1 · · ·ns��Ýa. �f1 = · · · = fr = 1, =G�¤kØ��A�

Ñ´�5A�, =Hom(G,C×)���. X-G = 〈g1〉 × · · · × 〈gs〉, Ù¥gi��
�ni. KG�¤k�5A�kXe/ªχ = χi1,··· ,is :

χ(gt11 · · · gtss ) = ζi1t1n1
· · · ζistsns .

~3.80 (k�+��È). �G = G1 × G2. �χ�G1�Ø��A�, éA�L

«´Vχ, ψ �G2 �Ø��A�, éA�L«´Vψ. KG Xe�^uVχ ⊗C Vψ:

(g1, g2)(v1 ⊗ v2) = (g1v1)⊗ (g2v2),

lVχ ⊗C Vψ ´G-L«, §�A�´

α(g1, g2) = χ(g1)ψ(g2) : G→ C.



§3.5 A�IL 127

1 3 2

1 (12) (123)

χ1 1 1 1

χ2 1 -1 1

χ3 2 0 -1

L 3.2: S3 �A�IL

qdu

(α, α) = 1
|G1×G2|

∑
(g1,g2)∈G χ(g1)ψ(g2)χ(g1)ψ(g2)

= 1
|G1|

∑
g1∈G1

χ(g1)χ(g1) · 1
|G2|

∑
g2∈G2

ψ(g2)ψ(g2)

= 1,

�α�G�Ø��A�. Ó���X(χ, ψ) 6= (χ′, ψ′),K(α(χ, ψ), α(χ′, ψ′)) = 0,

�α(χ, ψ) ´üüØÓ�Ø��A�.

X-G1�Ø��A��{χ1, · · · , χr}, G2�Ø��A��{ψ1, · · · , ψs}. d
þã?Ø,·���G�rs�p����Ø��A�{α(χi, ψj) | 1 ≤ i ≤ r, 1 ≤
j ≤ s}. e{K1, · · · ,Kr}�G1��Ýa, {H1, · · · , Hs}�G2��Ýa,K{Ki×
Hj | 1 ≤ i ≤ r, 1 ≤ j ≤ s}´G��Ýa8Ü. �{α(χi, ψj) | 1 ≤ i ≤ r, 1 ≤ j ≤
s} ´G�¤kØ��A�.

~3.81 (G = S3). d�Gkn��Ýa: K1 = {1}, K2 = {(12), (13), (23)},
K3 = {(123), (132)}. d1 + f2

2 + f2
3 = 6, Ø��f2 ≤ f3, �f2 = 1, f3 = 2. é

?¿é¡+Sn,

Sn → {±1} ↪→ C×, σ 7→ sgn(σ)

´+Ó�,��ÑSn����5A�,d?=χ2. �χ2((12)) = −1, χ2((123)) =

1.

duχ3�χ2 · χ3þ´S3�2�Ø��A�, �χ3 = χ2 · χ3. ¤±χ3((12)) =

0. d1��'X�χ3((123)) = −1. �·���L3.2.

~3.82 (G = S4). duS4¥���Ý��=�§��.�Ó, �§�k5��

Ýa: {1}, {ü�Ø��é��È} , {nÓ�}, {é�} Ú{oÓ�}. §��
��ê©O�1, 3, 8, 6, 6. dug ∈ S4 �g−1 Ó., �é?¿A�χ, χ(g) =

χ(g−1) = χ(g), Ïdχ(g) ∈ R.

�Sn��/��, χ2´�5A�: χ2(ó��) = 1, χ2(Û��) = −1. �

·�k1+1+f2
3 +f2

4 +f2
5 = 24. Ø��f3 ≤ f4 ≤ f5. Kkf3 = 2, f4 = 3, f5 = 3.

duχ3 ´���2 �Ø��A�, χ3 = χ2 · χ3, �χ3((12)) = χ3((1234)) = 0.

-χ3((12)(34)) = a, χ3((123)) = b. Kd1��'X

2 + 3a+ 8b = 0, 4 + 3a2 + 8b2 = 24.
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1 3 8 6 6

1 (12)(34) (123) (12) (1234)

χ1 1 1 1 1 1

χ2 1 1 1 -1 -1

χ3 2 2 -1 0 0

χ4 3 -1 0 1 -1

χ5 3 -1 0 -1 1

L 3.3: S4 �A�IL

�b = −1½b = 7/11. �b´ü�ü ��Ú, §�½´�ê�ê, ¤±b = −1,

a = 1.

���¦Ñχ4�χ5. �Ä8ÜX = {1, 2, 3, 4})¤�4�GL«V = C[X]:

é?¿σ ∈ S4, i ∈ X, σ · i = σ(i). K

χV (g) = tr(ρ(g)) = ]{x ∈ X | gx = x} =



4, eg ∈ K1,

0, eg ∈ K2,

1, eg ∈ K3,

2, eg ∈ K4,

0, eg ∈ K5.

O�(χV − χ1, χV − χ1)�Ù��1. �χV − χ1 ´Ø��A�, §��ê´3.

Ø��Ù�χ4. duχ2χ4 6= χ4, �χ2χ4 = χ5�§�,��Ø��A�. �·

���L3.3.

¯¢þ, ·���±^Ù¦�{¦χ4�χ5.

eχ2χ4 = χ4,Kχ4¤31��ü�êÑ´0. -χ4((12)(34)) = a, χ4((123)) =

b. d1��'X� {
3 + 3a+ 8b = 0,

9 + 3a2 + 8b2 = 24.

)Ñ5�aÚbØ´�ê�ê,�Ø�U.¤±χ2χ4 = χ5 6= χ4. �χ4¤31�

��3, a, b, c, d. Kχ5¤31��7�3, a, b, −c, −d. d���'X(1��

©O�1�, n��$�) �a = −1, b = 0. 2d1��'X�

(χ4, χ4) = 1⇒ 9 + 3 + 6c2 + 6d2 = 24,

(χ1, χ4) = 0⇒ c+ d = 0.

�c = 1, d = −1½c = −1, d = 1. ù�Ò¦�S4�A�IL3.3.

~3.83 (G = A5). d�A5¥���3S5¥�k4��Ýa, �L�©O�1,

(12)(34), (123) Ú(12345), �ê©O�1, 15, 20 Ú24. du(©O)�3Û�
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��1, (12)(34) 9(123) ��, �§�¤3S5 ��Ýa�´A5�Ýa. é

ux = (12345) ¤3�S5 �Ýa¥���, §�o�x 3A5 ¥�Ý. �o

�(12)x(12) = (13452) 3A5 ¥�Ý, �dS5�Ýa¥�õü�A5 �Ýa.

�du24 - 60, �x 3A5 ¥��Ýa(���ê´60 �Ïf) Ø�U�ux

3S5 ��Ýa,¤±x3S5¥��ÝaTÐ©�ü�A5 �Ýa,§�ÏLy 7→
(12)y(12)��éA. =�k12���.

�f2 ≤ f3 ≤ f4 ≤ f5. duA5´ü+, Hom(A5,C×) = {1}, �f2 6= 1. ¤

±f2 ≥ 2. �ª1 + f2
2 + f2

3 + f2
4 + f2

5 = 60 k��)f2 = 3, f3 = 3, f4 = 4

Úf5 = 5.

�ÄX = {1, 2, 3, 4, 5}, V = C[X]�5�L«, K

χV (g) = ]{x ∈ X|gx = x} =



5, g = 1,

1, g = (12)(34),

2, g = (123),

0, g = (12345),

0, g = (13452).

·�O���(χV , χV ) = 2,�χV´ü�ØÓ�Ø��A��Ú.d(χV , χ1) =

1 dimV = 5, ��U´χV = χ1 + χ4.

�ÄY = {{i, j}| {i, j} ⊆ X}, KU = C[Y ]�10�L«

χU (g) = ]{y ∈ Y |gy = y} =



10, g = 1,

2, g = (12)(34),

1, g = (123),

0, g = (12345),

0, g = (13452).

O��(χU , χU ) = 3, χU�n�ØÓ�Ø��A��Ú. 2du(χU , χ1) = 1,

�χU = χ1 + χ4 + χ5. ·���L3.4.

5¿�éuK2�K3, a, a−1Ó3�Ýa¥. �χ(σ) = χ(σ−1) = χ(σ)�χ(σ)�

¢ê. y3�χ2((12)(34)) = a, χ3((12)(34)) = b. éL3.412��11����

�k

0 = 6 + 3a+ 3b;

12�g�����, Kk

4 = 1 + 1 + a2 + b2.

éá¦)�a = b = −1.
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1 15 20 12 12

1 (12)(34) (123) (12345) (13452)

χ1 1 1 1 1 1

χ2 3 -1 0 ? ?

χ3 3 -1 0 ? ?

χ4 4 0 1 -1 -1

χ5 5 1 -1 0 0

L 3.4: A5 �A�IL

1 15 20 12 12

1 (12)(34) (123) (12345) (13452)

χ1 1 1 1 1 1

χ2 3 -1 0 1+
√

5
2

1−
√

5
2

χ3 3 -1 0 1−
√

5
2

1+
√

5
2

χ4 4 0 1 -1 -1

χ5 5 1 -1 0 0

L 3.5: A5 �A�IL

-χ2((123)) = s, χ3((123)) = t. Ó�^���'X, 5¿�s, t ∈ R, �

�s = t = 0.

-χ2((12345)) = c, χ2((13452)) = d. d1��'X. K

0 =3− 15 + 12c+ 12d,

60 =9 + 15 + 12|c|2 + 12|d|2.

5¿�(25)(34)x(25)(34) = x−1,=x, x−13A5�Ó��Ýa¥. �c�dþ�¢

ê. ¤±

c+ d = 1, c2 + d2 = 3.

)�c = 1±
√

5
2 , d = 1 − c = 1∓

√
5

2 . duχ2�χ3�/ é¡, ·���A�I

L3.5.

§3.5.3 A�IL��õ5��A^

Ún3.84. �N ´G ��5f+. �V´û+G/N�L«. KVäkg,

�GL«(�, �V�f�mU´G-f���=�U´G/N -f�. Xψ´V�

�G/NL«�A�, KV��GL«�A�´ψ ◦ π, Ù¥π : G → G/N�g,

N�.

y². éug ∈ G, v ∈ V , ��½Âgv = (gN)v=�. Ù¦´�y.
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~3.85. �4Ï+K2 = {1, (12)(34), (14)(23), (13)(24)}´S4��5f+,�S4/K2
∼=

S3, �S4�A�IL¥�χ3�dS3A�IL¥�χ3¼�.

½Â3.86. éG�A�χ, -Nχ = {x ∈ G | χ(x) = χ(1)} = ker (ρ), ¡�χ�Ø

½¡�éAL«(V, ρ) �Ø.

AO/, -Ni = Nχi .

5P. (1) �KL«�Ø²�.

(2) Ni = G��=�i = 1, =χ�ÌA�.

5¿�Nχ ��+Ó��Ø, Ñ´G ��5f+. �?�Ú/, ·�k

·K3.87. G��5f+þk
⋂
i∈I

Ni�/ª, Ù¥I ´{1, · · · , r} �f8.

y². XN CG,-U = C[G/N ],-ψ�U��G/NL«�A�, χ�U��GL

«�A�. du�KL«�Ø²�, �χ(g) = χ(1) ��=�gN = N=g ∈ N .

�Nχ = N .

Pχ =
∑
i∈I

aiχi, Ù¥ai > 0. K

|χ(g)| ≤
∑
i∈I

ai|χi(g)| ≤
∑
i

aiχi(1) = χ(1).

�g ∈ Nχ��=�é¤k�i ∈ I, þkχi(g) = χi(1), =g ∈ Ni. �·��

�N = Nχ =
⋂
i∈I Ni.

�L5,
⋂
i∈I Nig,´G��5f+.

5P. ·����KL«�Ø´²�+,,��¡§q´¤kNi��,�
r⋂
i=1

Ni =

{1}.

íØ3.88. e�^��d:

(1) G´ü+.

(2) éi = 2, · · · , r, Ni = {1}.
(3) X�3g 6= 1, χi(g) = χi(1), Kχi´ÌA�χ1.

y². w,.

íØ3.89. G�A�IL�±^5û½G´Ä´�)+.

y². G�A�ILû½
§�¤k�5f+,±9�5f+��¹'X,l

û½
¤k�5f+�.

½Â3.90. �χ�G�A�. ½ÂZχ = {x ∈ G | |χ(x)| = χ(1)}. AO/,

PZi = Zχi .
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Ún3.91. (1) Zχ´G�f+.

(2) Xχ = χiØ��, KZi/Ni = Z(G/Ni), =+G/Ni �¥%.

(3) AO/, XG´�C��ü+, Kéui > 1þkZi = 1.

y². (1) -χ = χV . duχ(g)´χ(1)�ü ��Ú, �g ∈ Zχ ��=�ù


ü �þ��. �d/`, g ∈ Zχ=´`§éA��5C�ρ(g) = λgIdV ,

Ù¥λg�ü �. �eg, h ∈ Zχ, Kρ(gh−1) = λgλ
−1
h IdV�gh−1 ∈ Zχ. ¤

±Zχ´G�f+.

(2)Xχ = χi = χVi , gNi ∈ Z(G/Ni),Ké¤kx ∈ G, ρ(g)ρ(x) = ρ(x)ρ(g).

�ρ(g) : v 7→ gv´C[G]-�Ó�. �dÓ�Ún, EndC[G](Vi) ∼= C. �ρ(g) =

µIdV , ¤±g ∈ Zi. =Zi/Ni ⊇ Z(G/Ni). ,��¡��¹'X´w,�.

(3) ��, eG´�C��ü+, Kéui > 1kNi = 1, ¤±Zi´G �¥%

��U´1.

·K3.92. +G�¥%Z(G) =
r⋂
i=1

Zi.

y². éu?¿i, Z(G)Ni/Ni ≤ Z(G/Ni), �Z(G) ≤ Zié¤ki ¤á. �L

5, Xg ∈ Zié¤ki¤á, Kd

Zi/Ni = Z(G/Ni),

�é¤kx ∈ G, � f[g, x] ∈ Ni. �[g, x] ∈
r⋂
i=1

Ni = {1}, =g ∈ Z(G).

Ún3.93. XN CG. KG/N�Ø��A�dG�Ø��A�û½.

y². �χ = χV�G�Ø��A�, �N ≤ Nχ, KN�^3Vþ²�. �

(G/N)× V → V, (gN, v) 7→ gv

´ûÐ½Â��5�^. ¤±V�±À�G/N -�, ÙA�ψ(gN) = χV (g).

,��¡, G/N �Ø��A�ψÑ�±J,�G�Ø��A�χ,�χ(g) =

ψ(gN).

íØ3.94. G�A�IL�±^5û½G´Ä´�"+.

y². �Äþ¥%S�

1 ≤ G1 ≤ G2 ≤ · · ·

Ù¥Gi C G, Gi/Gi−1 = Z(G/Gi−1). ÄkA�IL�±û½Z(G) = G1 =
r⋂
i=1

Zi. 2dþ¡·K, G/G1 = G/Z(G)�Ø��A�dG�Ø��A��Ñ,

�A�IL�±û½

Z(G/Z(G)) = G2.

±daí, A�IL�±û½¤k�Gi, lû½G´Ä´�"+.
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§3.5.4 Ë�m�½n

Ë�m�(Burnside)½n�y²´k�+L«Ø�¤õA^.

½n3.95 (Ë�m�). éu?¿�êp Úq, paqb�+Ñ´�)+.

e¡�Ún=·K2.55:

Ún3.96. �ε1, · · · , εn�ü �. X

γ =
ε1 + · · ·+ εn

n
6= 0

´�ê�ê, Kε1 = · · · = εn = γ.

·K3.97. �χ�G�A�. �g ∈ G¤3��ÝaKg���ê�kg = (G :

ZG(g)). K

(1) χ(g)´�ê�ê.

(2) XχØ��, K
kgχ(g)

χ(1)
´�ê�ê.

y². (1) Ï�χ(g)´ü ��Ú.

(2) -α =
∑
x∈Kg x, Kéu?¿h ∈ G, khα = αh. -χéA�Ø��L

«�V . Ké?¿h ∈ G , ϕ : V → V, ϕ(v) = αv ÷vϕ(hv) = αhv = hαv =

hϕ(v), ¤±ϕ ∈ EndC[G](V ) ∼= C. ��3λ ∈ C, ¦�αv = λvé?¿v ∈ V¤
á.

y3�Ä�5C�τ : C[G] → C[G], τ(z) = zα. Kτ ∈ EndC[G](C[G]).

ÀV�C[G]�f�. Kéuv ∈ V , τ(v) = vα = αv = λv, �λ´τ�A��.

-A´τ3ÄGe�Ý
, K

det(λI −A) = 0.

duA´(0, 1)Ý
, �f(x) = det(λI −A)´Ä��Xêõ�ª, Ïdλ ´�ê

�ê. �

λχ(1) =tr(ϕ) =
∑
x∈Kg

tr(ρ(x))

=
∑
x∈Kg

χ(x) = (G : ZG(g))χ(g),

�λ =
kgχ(g)
χ(1) .

·K3.98. Xχ�Ø��A�, Kχ(1) | |G|.

y². d1��'X, knê

|G|
χ(1)

=
1

χ(1)

r∑
i=1

kgiχ(gi)χ(gi)

=

r∑
i=1

kgiχ(gi)

χ(1)
· χ(gi)
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´�ê�ê�Ú, Ïd�´�ê�ê, �kn�ê�êÒ´Ï~��ê.

½n3.99. X+G¥�3���ê��ê��g��Ýa, KGØ´ü+.

y². �g ∈ G¤3�Ýa���pn, Ù¥p´�ê, n ≥ 1. Kd���'X

0 =
1

p

r∑
i=1

χi(g)χi(1) =
1

p
+

r∑
i=2

χi(g) · χi(1)

p
.

��½�32 ≤ i ≤ r,¦�χi(g)·χi(1)
p Ø´�ê�ê,¤±p - χi(1)�χi(g) 6= 0.

éuù�i, dukg = pn �χi(1) p�, d�y(Bezout)�ª, ��3a, b ∈ Z,

¦�

akg + bχi(1) = 1.

d·K3.97, �χi(g)
χi(1) = akg

χi(g)
χi(1) + bχi(g) ´�ê�ê. dÚn3.96, |χi(g)| =

χi(1), =Zi 6= {1}. �âÚn3.91, �G����ü+�Zi = {1}.

Ë�m�½n�y². ·�éa+ b�8B.Xa+ b = 1,KG´�ê�+,g,

´�)+. ��a+ b ≥ 2.

�Q´G�Sylow q-f+. XQ = 1,KG´�ê�g+,§Ø´ü+. XQ 6=
1, KZ(Q) 6= 1. -1 6= g ∈ Z(Q), KQ ≤ ZG(g). �kg = (G : ZG(g)) = pné,

�n ≤ a¤á. Xn = 0. Kg ∈ Z(G), GØ´ü+; Xn > 0, dþ¡½n, G�

Ø´ü+. �Gk�²�ýf+N . d8Bb�, N�G/Nþ�), �G�´�

)+.

§3.6 p�L«

§3.6.1 p�L«Úp�A�

3�ï+G�A�IL�, ~~I��E�
L«, ¿ÏL¦§��SÈ

��Ø��A��'Xª. ù
L«p, k�Ü©´ÏLû+�Ø��A�

J,�+G�5, �´û+  ´é��('X�C��ü+), ù����L

«~~Øv±�ï���A�IL. p�L«KÏLf+�L«5�E#�

L«.

�H´G�f+, T´H���8�L�X, =kØ�¿

G =
⊔
t∈T

tH.

�F´�, éu+H�F -L«V , KF [G]
⊗

F V´F -�5�m, �ê�u|G| ·
dimF V . ÀV�²�F [G]-�, KF [G]

⊗
F V þkF [G]�(�:

g(x⊗ v) = gx⊗ v.
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-Y´F [G]
⊗

F V�F -f�m, d

{gh⊗ v − g ⊗ hv | g ∈ G, h ∈ H, v ∈ V }

)¤. duéux ∈ G,

x(gh⊗ v − g ⊗ hv) = (xg)h⊗ v − (xg)⊗ hv,

�Y´F [G]
⊗

F V�F [G]-f�.

½Â3.100. V�Gþ�p�L«(induced representation), P�IndGHV , =û

�(F [G]
⊗

F V )/Y .

Pg ⊗ v�g ⊗ v ∈ F [G]
⊗

F V3IndGHVþ��.

Ún3.101. ��G�F -L«, IndGHV��ê�u[G : H] dimF V ,�e{e1, · · · , en}´V�
�|FÄ, K{t⊗ ei | t ∈ T, i = 1, · · · , n}´IndGHV��|Ä.

y². �{ei}ni=1�´V��|Ä, KY´d

{th⊗ ei − t⊗ hei | t ∈ T, h ∈ H,h 6= 1, i = 1, · · · , n}

)¤, �§��ê≤ |T | · (|H| − 1) dimF V . ¤±

dimF IndGHV ≥ [G : H] dimF V.

,��¡, Xg = th, Kg ⊗ v = th⊗ v = t⊗ (hv)´t⊗ ei��5|Ü. �

dimF IndGHV ≤ [G : H] dimF V.

¤±�Ò¤á, �{t⊗ ei | t ∈ T, i = 1, · · · , n}´IndGHV��|Ä.

5P. ��±ÏL½ÂÜþÈF [G]
⊗

F [H] V5��IndGHV . ùpÜþÈ�½

ÂI�^�(F [G], F [H])-V��5�.

½Â3.102. �U´G �F -L«(=F [G]-�). ÀU�F [H]-�(=H �F -L«),

P�ResGHU , ¡�U 3H þ���L«(restriction).

½n3.103 (6Û�Z¿dp�Æ, Frobenius reciprocity law). �H´G �f

+. �U´F [G]L«, V�F [H]L«, K��F -�5�mkÓ�

HomF [H](V,ResGHU) ∼= HomF [G](IndGHV,U).

y². �ϕ ∈ HomF [H](V,ResGHU). �ÄN�

fϕ : F [G]× V → U, (g, v) 7→ gϕ(v),
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ù´F -V�5N�, �p�F -�5N�:

ϕ̃ : F [G]
⊗

F
V → U, g ⊗ v 7→ gϕ(v).

dϕ�5��Y ⊂ ker ϕ̃, �p�N�Γ(ϕ) : IndGHV → U, g ⊗ v 7→ gϕ(v). dN

��±F [G]-(�. ·���N�

Γ : HomF [H](V,ResGHU)→ HomF [G](IndGHV,U), ϕ 7→ Γ(ϕ).

éN´wÑΓ´�5N�, �XΓ(ϕ) = 0, Kϕ = 0, =Γ�ü�.

Xθ : IndGHV −→ U´F [G]-�Ó�, -

ϕ : V −→ ResGHU, ϕ(v) := θ(1⊗ v).

Kϕ´F [H]-�Ó�, �

Γ(ϕ)(g ⊗ v) = gϕ(v) = g · θ(1⊗ v) = θ(g ⊗ v).

=Γ(ϕ) = θ. �Γ�÷�.

y3�F = C. XV��C[H]��A��ϕ, ·�PϕG�C[G]�IndGH�A

�,¡�ϕ�p�A�(induced character). Xχ´C[G]�U�A�,Pχ|H�C[H]-

�ResGHU�A�, ¡�χ 3H þ���A�.

½n3.104. �H´G�f+. �ϕ´C[H]-�V�A�, χ´C[G]�U�A�. K

(ϕ, χ|H)H = (ϕG, χ)G.

y². d6Û�Z¿dp�Æ, 9

(ϕ, χ|H)H = dimC HomC[H](V,ResGHU), (ϕG, χ)G = dimC HomC[G](IndGHV,U)

=�.

·K3.105. �H ≤ G, T´H���8�L�X.�V´H�EL«, A��χ.

K

χG(g) =
∑

t∈T,t−1gt∈H

χ(t−1gt).

y². -{ei}i∈I�V��|Ä, K{t ⊗ ei | t ∈ T, i ∈ I} ´IndGHV��|Ä.

-ρG(g)��5C�IndGHV → IndGHV , t⊗ v 7→ gt⊗ v. KχG(g) = tr(ρG(g)).

éut ∈ T , g ∈ G, Pgt = sh, Ù¥s ∈ T , h ∈ H. Kg(t ⊗ V ) = s ⊗ hV ⊆
s⊗ V .

es 6= t, =t−1gt /∈ H, KρG(g)(t⊗ V ) ⊆ s⊗ V 6= t⊗ V . §Ø�zχG(g).

es = t, =t−1gt ∈ H, K

ρG(g)(t⊗ v) = g(t⊗ v) = gt⊗ v = t · (t−1gt)⊗ v = t⊗ (t−1gt)v.

�g : t⊗ v → t⊗ v��ut−1gt : V → V . §éχG(g)�)��z´χ(t−1gt). n

Üå5�·K�y.
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íØ3.106. �H ≤ G, �χ�H�A�, g ∈ G. K

χG(g) =
1

|H|
∑

x∈G,x−1gx∈H

χ(x−1gx).

y². ex = th, t ∈ Th ∈ H, K

x−1gx = h−1(t−1gt)h.

Kx−1gx ∈ H ��=�t−1gt ∈ H. d�§�3Ó�H-�Ýa¥. �

χG(g) =
∑

t∈T,t−1gt∈H

χ(t−1gt)

=
∑

t∈T,t−1gt∈H

1

|H|
∑
x∈tH

χ(x−1gx)

=
1

|H|
∑

x∈G,x−1gx∈H

χ(x−1gx).

·K3.107. �χ´H ≤ G�A�. éug ∈ G,-s�g¤3�G�Ýa¥H�Ý
a��ê. Xs = 0, KχG(g) = 0. Xs > 0, �l�g¤3�G�Ýa���ê,

�h1, · · · , hs�ùs�H�Ýa��L�, �k1, · · · , ks ��Ýa¥����ê.

K

χG(g) =

s∑
i=1

|ZG(g)|
|ZH(hi)|

χ(hi) =

s∑
i=1

(G : H) · ki
l
χ(hi).

y². Xs = 0. KØ�3x ∈ G, ¦�x−1gx ∈ H, dþ¡íØ�χG(g) = 0.

Xs > 0. -Xi = {x ∈ G | x−1gx ∈ H, x−1gx�hi�Ý}. K
s∐
i=1

Xi = {x ∈

G | x−1gx ∈ H}. �

χG(g) =
1

|H|
∑

x∈G,x−1gx∈H

χ(x−1gx)

=
1

|H|

s∑
i=1

∑
x∈Xi

χ(x−1gx)

=
1

|H|

s∑
i=1

|Xi| · χ(hi).

��¦Ñ|Xi|=�.

�t−1
i gti = hi. Kéuc ∈ ZG(g), h ∈ H, (ctih)−1g(ctih) = h−1hih 3hi¤

3�H-�Ýa¥, �ZG(g)tiH ⊂ Xi. ,��¡, Xx ∈ Xi, K�3h ∈ H,

x−1gx = h−1hih = (tih)−1g(tih).

�xh−1t−1
i ∈ ZG(g). ¤±x ∈ ZG(g)tiH. �·���Xi = ZG(g)tiH. Ïd

|Xi| = |ZG(g)tiH| =
|ZG(g)| · |tiHt−1

i |
|ZG(g)

⋂
tiHt

−1
i |

=
|ZG(g)| · |H|

|H
⋂
t−1
i ZG(g)ti|

.
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1 3 2

1 (12) (123)

ψ1 1 1 1

ψ2 1 -1 1

ψ3 2 0 -1

L 3.6: S3 �A�IL

1 3 8 6 6

1 (12)(34) (123) (12) (1234)

χ1 1 1 1 1 1

χ2 1 1 1 -1 -1

χ3 2 2 -1 0 0

χ4 3 -1 0 1 -1

χ5 3 -1 0 -1 1

L 3.7: S4 �A�IL

�t−1
i ZG(g)ti = ZG(tigt

−1
i ) = ZG(hi), H

⋂
ZG(hi) = ZH(hi), Ïd·���

1���ª. 1���ª´du|ZG(g)| = |G|
l , |ZH(hi)| = |H|

ki
. �·K�

y.

§3.6.2 |^p�A�O�A�IL

~3.108 (G = S4). �H = S3. ·��H�A�IL�L3.6. S4k5��Ýa,

2�1�L«. d

(ψG1 , χ1)G = (ψ1, χ1|H)H = 1, (ψG1 , χ2)G = (ψ1, ψ2)H = 0,

�ψG1 − χ1��ê´3, �´χ3, χ4, χ5�Ú. �ψG1 − χ1 = χ4½χ5, Ø���χ4.

duvkh ∈ H�(12)(34)½(1234)�Ý, �χ4((12)(34)) = χ4((1234)) = −1

du(123)¤3�G�Ýak8���,��¹1�H�Ýa,k2���. (12)¤

3G�Ýa��6, ��¹1�H�Ýa, ��3. Kd·K3.107,

ψG1 ((123)) = 4 · 2

8
ψ1((123)) = ψ1((123)) = 1,

�χ4((123)) = 0;

ψG1 ((12)) = 4 · 3

6
ψ1((12)) = 2,

�χ4((12)) = 1. ù�χ2χ4 6= χ4, �χ2χ4 = χ5.

dχ2χ3 = χ3�χ3((1234)) = χ3((12)) = 0. 2d���'X�χ3((12)(34)) =

2, χ3((123)) = −1. ù�·�Ò�¤
S4 �A�IL3.7.



§3.6 p�L« 139

1 10 15 20 20 30 24

1 (12) (12)(34) (123) (123)(45) (1234) (12345)

χG1 5 3 1 2 0 1 0

χG2 5 -3 1 2 0 -1 0

χG3 10 0 2 -2 0 0 0

χG4 15 3 -1 0 0 -1 0

χG5 15 -3 -1 0 0 1 0

L 3.8: H = S43G = S5¥�p�L«

~3.109. ·�2dH = S4�A�IL5wG = S5�A�IL. S5k7��Ý

a.

�χ1, χ2, χ3, χ4, χ5dS4�A�IL 3.7�Ñ.éug2 = (12), g3 = (12)(34),

g4 = (123)Úg6 = (1234), §�3Hþþ�k1��Ýa, �©O�6, 3, 8 Ú6.

�d·K3.107, ��

χGi (g2) = 5 · 6

10
χi(g2) = 3χi(g2),

χGi (g3) = 5 · 3

15
χi(g3) = χi(g3),

χGi (g4) = 5 · 8

20
χi(g4) = 2χi(g4),

χGi (g6) = 5 · 6

30
χi(g6) = χi(g6).

d(χG1 , ϕ1) = 1, (χG1 , χ
G
1 ) = 2,�χG1 −ϕ1�Ø��A�. Ø���ϕ3. d(χG1 , ϕ2) =

1 (χG2 , χ
G
2 ) = 2, �χG2 − ϕ1�Ø��A�, �²O�Ø´ϕ3, Ø���ϕ4.

d

1 + 1 + 16 + 16 + f2
5 + f2

6 + f2
7 = 120,

�f2
5 + f2

6 + f2
7 = 86. 2dfi | |G|, �fi 6= 7. �f5 = 5, f6 = 5, f7 = 6.

d(χG3 , χ
G
3 ) = 2,(χG3 , ϕ3) = (χG3 , ϕ4) = 0,�χG3 = ϕ5+ϕ6. dϕ2ϕ7 = ϕ7

�ϕ7(g2) = ϕ7(g5) = ϕ7(g6) = 0. 2d���'X�ϕ5(g2) = ±1, ϕ6(g2) =

∓1. �ϕ6 = ϕ2ϕ5. l�Ñϕ5�ϕ6��.2d���'X=�ϕ7�¤k��,

�L3.9.

~3.110 (�¡N+). �G´�n>/��¡N+Dn = 〈σ, τ | σn = τ2 =

1, τστ = σ−1〉. §´2n�+, k1�n��5f+H = 〈σ〉, T = {1, τ} ´H
��8�L�X.

Xn´Ûê, G��Ýa�{1}, {σi, σn−i}1≤i≤n−1
2

, {τ, · · · , τσn−1},�©O
�1, 2(�n−1

2 �)Ún, �n+3
2 ��Ýa. Xn´óê, G��Ýa�{1}, {σ n2 },

{σi, σn−i}1≤i<n
2

, {τ, τσ2, · · · , τσn−2} Ú{τσ, τσ3, · · · , τσn−1}, �©O�1, 1,

2(�n
2 − 1�), n

2 Ú
n
2 , �n

2 + 3��Ýa.
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1 10 15 20 20 30 24

1 (12) (12)(34) (123) (123)(45) (1234) (12345)

ϕ1 1 1 1 1 1 1 1

ϕ2 1 -1 1 1 -1 -1 1

ϕ3 4 2 0 1 -1 0 -1

ϕ4 4 -2 0 1 1 0 -1

ϕ5 5 1 1 -1 1 -1 0

ϕ6 5 -1 1 -1 -1 1 0

ϕ7 6 0 -2 0 0 0 1

L 3.9: S5�A�IL

-ζn = exp( 2πi
n ). ·��H�Ø��A�´�5A�χj (0 ≤ j < n), Ù

¥χj(σ) = ζjn. éu0 ≤ j < n,

(χj)G(x) =

ζijn + ζ−ijn , Xx = σi,

0, Xx = τσi.

�n�Ûê, 1 ≤ j ≤ n−1
2 �; ½n�óê, 1 ≤ j ≤ n

2 − 1�

((χj)G, (χj)G) = 1.

�(χj)G´Dn�2�Ø��A�.

éu�5A�, en�Ûê, KG/H�2�+, éAü��5A�: ÌA

�χ1 9χ2, ùpχ2(σi) = 1 χ(τσi) = −1. en �óê, K〈σ2〉´G��5f
+, G/〈σ2〉 Ó�u�4Ï+K2, §)¤o��5A�

χ1 : σ 7→ 1, τ 7→ 1,

χ2 : σ 7→ 1, τ 7→ −1,

χ3 : σ 7→ −1, τ 7→ 1,

χ4 : σ 7→ −1, τ 7→ −1.

·��E�ù
Ø��A�üüØÓ, �êTÐ´Dn��Ýa�ê, �

��
Dn�¤kØ��A��¤�8Ü: {χ1, χ2, χ
j | 1 ≤ j ≤ n−1

2 } (Xn�Û

ê)½ö{χ1, χ2, χ3, χ4, χ
j | 1 ≤ j ≤ n

2 − 1} (Xn�óê). ddg,�ÑDn �

A�IL, ·�Ø2Kã.

S K

e¡SK¥·�Ñb�F´�, G ´k�+, A ´k��¹NF�ê, ¤

k��Ñ´k�)¤�.
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SK3.1. �A ´n�F -�ê. y²: A �±i\�Ý
�êMn(F ) �F - f�

ê.

SK3.2. (1) y²: +�F [G] ∼= F [G]op.

(2) y²: o�êNH ∼= Hop.

(3) �Ñ���R�~f, ¦�R � Rop.

SK3.3. �A ÚB ´F -�ê, y²(A⊗F B)op ∼= Aop ⊗F Bop.

SK3.4. �UÚV´k�)¤F [G]�, §���F�5�m��êþ´n. ©

O�½UÚV �Ä,K§�éA�L«=�À�+Ó�ρ : G → GLn(F ) �τ :

G → GLn(F ). y²: U ∼= V ��=��3M ∈ GLn(F ), ¦�é?¿g ∈ G,
τ(g) = M−1ρ(g)M .

SK3.5. y²·K3.28.

SK3.6. éu�KL«F [G], -N = F
∑
g g = {

∑
g λg : λ ∈ F}, I =

{
∑
g ngg |

∑
g ng = 0}.

(1)y²N´F [G]�f�, N ∼= F ,�XJF [G]�f�M Ó��F ,KM =

N .

(2)y²I´F [G]�f�, F [G]/I ∼= F ,�XJF [G]�f�M�û�F [G]/M ∼=
F , KM = I.

(3) XJcharF | |G|, y²N ⊆ I, ¿`²I Ø´F [G]��Ú�.

SK3.7. �n´��ê, B´A-�, U´B���n�F -f�m. eM´?¿A-

�, U�M �?¿F -�5C�þ�*¿�B �M�A-�Ó�, y²: B ∼= An.

SK3.8. �Tn(F ) ´þn�/n��
�¤�F -�ê. Á¦Tn(F ) ����

"n�.

SK3.9. �U´A-�. KU�n-���þ�mUn´Mn(A)-�. y²:

(1) U´üA-���=�Un´üMn(A)-�.

(2) é?¿A-�UÚV , HomA(U, V ) ∼= HomMn(A)(U
n, V n).

(3) XJM´Mn(A)-�, K�3A-�U , M ∼= Un.

SK3.10. y²A´üA-���=�A´�Ø�ê.

SK3.11. y²M´üA-���=�M´üA/Jac(A)-�, d?Jac(A) �A�

ä�ÙÜ�, =A����"n�.

SK3.12. �S´üC[G]-�, U´1�C[G]�, y²: S ⊗ U �´ü�.

SK3.13. y²C´����ØüC-�ê.
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SK3.14. �k ´�, V ´k-�5�m, T : V → V ´�5C�, m(x) ´T �

��õ�ª. y²: �k[x]/(m(x)) ´�ü���=��5C�T �é�z,

�Ò´`m(x) ´ØÓ�5Ïf�¦È.

SK3.15. éu�F , �sgn : Sn → {±1} ≤ F ´ÎÒN�. -Sig(F ) = F , �

éγ ∈ Sn Úa ∈ F , -γa = sgn(γ)a, ù�Sig(F ) �¤F [Sn]-�. y²Sig(F )

´F [Sn]-�.

SK3.16. �G ´k�+, k �K ©O´A�p �A�q��êµ4�, �p

�q �|G| p�.

(1) y²k[G] �K[G] k�Óê8�Ø��©þ.

(2) y²: G3k �K þ�Ø��L«k�Ó�gê.

SK3.17. �U´C[G]�, y²: U ´ü���=�§�éóU∗ ´ü�.

SK3.18. �χ´G�Ø��A�, µ|G|´|G|-gü ��¤�+. y²: {g ∈
G | χ(g)/χ(1) ∈ µ|G|} ´G ��5f+.

e¡SK¥·�Ñb�G ´k�+, X ´G�A�IL, H �G �f+,

F ��. ·�b�¤kÑy�F [G]-�ÚF [H]-�´k�)¤�.

SK3.19. Á¦X�1�ª, ¿y²X ¥z1�Ú´�K�ê.

SK3.20. �G��´Ûê. y²: Xχ´G�¢�Ø��A�, Kχ = χ1�Ì

A�.

SK3.21. �χ ´2 �L«�A�, x ∈ G ´2 ��. y²: χ(x) �u2, 0 ½

ö−2. Áòd(Øí2�n �L«.

SK3.22. û½�5>/��¡N+D5 = 〈σ, τ | σ5 = τ2 = 1, τστ = σ−1〉 �A
�IL.

SK3.23. û½é¡+S5�A�IL.

SK3.24. �W´F [G]-�,§dF [H]-�V)¤,¿�dimF W = (G : H) dimF V .

y²: W = IndGHV .

SK3.25. �g ´k�+G ¥�m ��. �k �m p�. XJg �gk 3G �

Ó���Ýap, y²éu?¿A�χ, χ(g) ∈ Z.

SK3.26. �ρ : G→ GL(V )´G�EL«,éA�A�´ψ. -W = {v ∈ V |
ρ(g)(v) = v} ´V ¥¤kG-�^ØÄ:�¤�f�m. y²dimW = (ψ, χ1),

ùpχ1 ´ÌA�.
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SK3.27. �V ´G �EL«, ψ ´éA�A�. �B ´V ��|Ä, �G �

^�±B ØC. -B1, · · · , Bt ´B �;�, -Vi ´Bi )¤�f�m. -W =

{v ∈ V | ρ(g)(v) = v} ´V ¥¤kG-�^ØÄ:�¤�f�m. y²:

(1) ��G�L«, V = V1 ⊕ · · · ⊕ Vt.
(2) z�Vi k������fL«.

(3) dimW = t.

SK3.28. y²��F -�5�m, N�

HomF [H](ResGHU, V )→ HomF [G](U, IndGHV ), ϕ 7→ (u 7→
∑
t∈T

t⊗ ϕ(t−1u)

´Ó�N�, Ù¥T´H 'uG ���8�L�X.

SK3.29. �p, q��ê�p ≡ 1 mod q. y²�3���pq��C��+G,

¿¦§�A�IL.

SK3.30. �S´k�8¿��G��^, -C[S] �S )¤�C-�5�m, ψ

�éA�A�. �S�G-;��ê´m. y²: (ψ, χ1)G = m.

SK3.31. ½Â¼êψ : G→ C, ψ(g) = |{(x, y) ∈ G×G | [x, y] = xyx−1y−1 =

g}|. y²:

ψ =

r∑
i=1

|G|
χi(1)

χi.

�ψ´G���A�.

SK3.32. Áò��+A4¥¤kØ��A�3A5þ�p�A�©)�A5þØ

��A��Ú�/ª.

SK3.33. �x, y ∈ G. y²x�y�Ý��=�éG�¤kØ��A�χþ

kχ(x) = χ(y).

SK3.34. �G´k�+, N´G��5f+, T´G'uN ��8L«. �χ´N�

Ø��A�. �½��t ∈ T , ½ÂNþ�¼êχt(x) = χ(t−1xt).

(1) y²χt ´N�Ø��A�.

(2) y²: p�A�χG´G�Ø��A���=�χt (t ∈ T ) üüØÓ.

SK3.35. �H´G��ê�2�f+, ρ : G→ GL(V )�G�L«. -ρ′ : G→
GL(V )�N�,��Xe: éug ∈ H, ρ′(g) = ρ(g); éug /∈ H, ρ′(g) = −ρ(g).

(1) y²: ρ′ �´G�L«.

(2) Á(½ρ, ρ′�ρ|H�'X.

SK3.36. éug ∈ G, y²: g �¥%zfZG(g)���u
r∑
i=1

|χi(g)|2©
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SK3.37. �ρ : G→ GLn(C) ´L«. y²

(1) ρ∗ : G→ GLn(C), g 7→ ρ(g−1)T ´G �L«. dL«¡�ρ �_ÚL

«(contragredient representation).

(2) y²χρ∗(g) = χρ(g).

SK3.38. éuo�ê+Q8 = 〈σ, τ | σ4 = 1, σ2 = τ2, τστ−1 = σ−1〉, y²�
3L«ρ : Q→ GL2(C), ¦�

σ 7→

(√
−1 0

0 −
√
−1

)
, τ 7→

(
0 1

−1 0

)
,

¿y²ρ´Ø��L«.

SK3.39. ¦Q8 �A�IL.

SK3.40. �k��F5þ�Ý
+

G =

{(
a b

0 a−1

)
| a, b ∈ F5, a 6= 0

}
,

f+

H =

{(
a 0

0 a−1

)
| a ∈ F×5

}
, N =

{(
1 b

0 1

)
| b ∈ F5

}
.

(1) ¦+HÚ+N�¤kØ��A�.

(2) ¦+G�¤kØ��A�.

SK3.41. �ρ : G→ GL(V ) Úρ′ : G→ GL(W ) ´L«.

(1) y²ρ⊗ ρ′ : G→ GL(V ⊗W ), (ρ⊗ ρ′)g = ρ(g)⊗ ρ′(g) ´L«.

(2) ¦ρ⊗ ρ′ �A�.
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